Advanced Higher Integration - Notes Unit 1 Outcome 1.3

Calculus skills (1.3)

« integrating expressions using standard results
* Integrating by substitution

* Integrating by parts

STANDARD INTEGRALS
n 1 n+
Recap Integration from Higher. IX dX=n—+lX '+C, n=-1
n 1 1 n+1
j(ax+b) dx:(—j(—j(ax+b) +C, nz-1
a)\in+1
Cannot integrate if
power is -1.
Examples
] Remember to add
1) j(2x+3) dx 2) I3X - constant of integration, C.
:1(2x+3)6(l)+c
6 2 :j__
1 %
=—(2x+3)° .
12( X+3) e :IBX%—x%dx
3( j X2 —2x"2 1C
5
6. %
ZEX 2 —2\/;+C
3) 24 [ Jaxa1
Im X 4) I 4x+1dx

= I 2(3x +1) " dx

o B I :
TR {ien]

6(3x +1)* 1

=—<>/—1<>

6
27 1

6 6

2
I4x+1ydx
0

Worksheet: Integration 1 SCHOLAR: p81 Q1-11
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Advanced Higher

Integration 1

Unit 1 Outcome 1.3I

1.
a) I 8x°dx

e) I(3x2 —4x)dx

i jziﬁgldx

m) '[(2x+1)3dx

o) [(@x+3) dx

1
1) I(2x—3)2 X

) j(2x+1)§dx

2. ,
a) [(3+2x)dx

e) j}'\/x+3dx

o1
m) -([(4+5x)2 o

J.x”dx:ix”+1+c

n+1

[ (ax+b)"dx= (EJ(LJ(aX+ b)™ +C
a/n+1

b) I%dx

3x*+6
f) I = dx
i) j(xz +3x)%dx

n) '[(3x—l)4dx

[ (E-4x)7dx

1
V) I(3x+7)3 dx

2) | 1 5
(2x-5)2

b) j(x—2+%jdx

f) j(3x +1)%dx

i j[xi_xijdx

C) j&dx

0) j(1—2x)5dx

1
) | g™

2
w | (4x—5)°

dx

9)

K) I(\/? —%]dx

d) I%dx
h) IXT‘Xde

1 2
1) I[x+;j dx
p) J.\/Zx+5dx

) I\/3X +2dx

1
X) I\/5—2x o

4
d) j\/2x+1dx
0
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Advanced Higher

Integration 1

Unit 1 Outcome 1.3I

) 2x“+C

e) x*-2x’+C
4 5

i) gx2—2ﬁ+C
1 4

m) §(2X+1) +C

a) %(8x+3)4+C

1 c
2(2x-3)

3 4
y) §(2x+1)3+c:

2.
a) 10

b)

)

-~

)

v)

b)

f)

n)

ANSWERS
3 3
-—+C C) Zx2+C
X 3
x*——+C 0) L 2ixac
5 3
1. 3 . ., 3 1,
—X+=-X"+3x’+C k) ———=x"+C
5" 2 et
1 ax-14c 0) —La—2x°+cC
15 12
1 3 1
—E(S—4x) +C S) E\/4x+1+C
1 1
—— = 4+C  w) ———_4C
6(3x+7)’ ) a5y
N +C
2X—5
1
1 c) 9=
) 3
1 5
21— 115—
4 9) 9
_i K 22
24 3
11l
4

d) 2Jx +C
2 3
h) gx2—6\/§+c

) %x3+2x—1+c
X

3

p) %(2x+5)2 +C

3

) §(3x+2)2+C

X) —4/5-2x+C
2

d) 8<

) 3
13

h -

) 81

) 302
5
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Advanced Higher

Integration - Notes

Unit 1 Outcome 1.3I

INTEGRATION OF EXPONENTIAL FUNCTIONS

Integration is the reverse process of differentiation, therefore observing the rules in differentiating

exponentials, the following rules apply

JeXdX —e*+C Only applies when integrating the
exponential of Linear Functions.
1 .
Ieax+bdx —Ze®™P4C Does not apply to J'eX dx.
a
Examples
8
3x -X
1) _[(6e +4e )jx 2) -[erX
= %(6){33* +4(-1) ™ +C = j 8e **dx
=2e¥—4e"+C = —%(S)e‘“ +C
=—4e+C
1 2 1 2
X 2x _
3) f{e +e—xj dx 4) f(e Xl) dx
e
0
=J'ezx+2+e%dx _.i-e4x—2ezx+1 )
= Iezx +2+edx X °
e4X ZEZX 1
:%ezx+2x——ezx+c _;[ex s +e_XdX
1
__e2X+2X_ o +C =Ie3x—2ex+e’xdx
0
1
= Fe’*x —2¢* —e‘x}
3 0
:§e3—2e1—e‘1—1e° +2e+e°
:Ee?’—Ze—e’1+§

Worksheet: Integration 2
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Advanced Higher Integration 2

Unit 1 Outcome 1.3

1
J'eax+bdx _ _eax+b e
a

1.

a) J'eZXdX b) IeAX+ldX C) J‘e’zxdx

e) J'ge—xdx f) J'6e3xdx g) '[264de

i) [8edx i) [(2e +x)ix K) I(e“ + e%jdx

m) j(zex e Jix n) J'ex(eX +1)dx 0) J.ezx(eX ~1)dx

Q) J'(ex+e‘x)2dx r '[exejldx S) J.(8e4‘x+2e’ex)dx

2. Evaluate, expressing each answer in terms of e:
2 1 2
a) [(e*+Ddx by [e*%dx ¢) [e*dx
1 0 1
3

A -X p %X 1 -3x
e) Ie dx f) Ie dx 9) J'Ee dx
0 0

2

1
. 1
3. Show that [ (" ~1)°dx="(e” ~4e-+5).
0

d) JZ‘eSde
0

h) j.(ex +e )dx
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Advanced Higher Integration 2 Unit 1 Outcome 1.3
ANSWERS
1
1 X 1 X+ lX
a)Ee2 +C b) 234 '+C c) —%e‘2X+C d) 22 +C
X 3x 1 4x 1 6x
e)-3e " +C f) 2™ +C ) Ee +C h) Ee +C
i) —4e+C i) EINC K) Lo Lo 1) P
2 2 2 4
m)2ex+%e2X+C n) %e“+ex+C 0) %esx—%ezuc D) %ezx+2ex+x+c
w1 1,
q)%ezx+2x—%e‘zx+c N x—e*+C s) —2e”" —566 +C ) _564 +C
2.
a) e? _e+1 b) o3 _ g2 C) %e4_%ez d) T _TgS
-1 1 5, 1 4 a
e) 1-e f) 2e-2 9) P h) e—e
3. Proof.
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Advanced Higher Integration - Notes Unit 1 Outcome 1.3

INTEGRATION OF NATURAL LOG (LN)

Ln functions do not exist for NEGATIVE values. |x| —x if x>0

The magnitude of x is used to ensure that the x value is positive. X =-x if x<0

Applies to all non-zero values of x.

J.ldx—ln|x|+C : -
x Magnitude signs not necessary

if X is positive.

| L dx=Linjax+b|+C
ax+b a

Only applies to linear integrals
1

eg. not _[X2+1dx.
Examples
8 2 4 6
1) dx. 2 z _
I2X+1 ) I(x+6x+1 1_3dex
1
:S(EJ'”PX”J*C :2Inx+4(%)ln|6x+]4—6(—%jln|1—3x|+c
=4In2x+1+C

:2Inx+§|n|6x+]4+2ln|1—3x|+c

dx=1In3

14
3) Show that j
5 2X—1

LHS
14

:Eln|2x—ﬂl

:lln27—lln3
2 2

Worksheet: Integration 3
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Advanced Higher

Integration 3

Unit 1 Outcome 1.3

1
Iax+b

dx:iln(ax+b)+C
a

JEU
e) %dx f) Iﬁdx
i) I1_24de X J5i21dx
m) Iz><6_1dx " j1—63x0|x
Q) J(3x2+1+ ox—1 4x6+3jdx

1
dx
2 J.4x+3

8
dx
9 J2x+3

1
k) I3—2x dx

6
dx
9 (it

2. Evaluate, giving each answer correct to 3 decimal places:

a) '[37 %dx

4 2
€) Il 2x+3dx

) [} ox

18 |
m)-[04x+3x

3 1
b) sz_ldx

10 5
f) 4—X_3dx

el
j) S—X_gdx

5 1
3. Show that a) [/ ——dx=In2

13 1
——dx=1In3
1 2x+1

11
9 -[0 3x+5dx

5 2
h) . X—_?’dx

o 1
d -[—41—2xdX
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Advanced Higher Integration 3

Unit 1 Outcome 1.3

ANSWERS
1. 1 1
a) In(x+4)+C b)EIn(2x+1)+C C) ZIn(4x+3)+C
e) 3Inx+C f) —Inl—-x)+C g) 4In(2x+3)+C
L1 ) 1
i) —Eln(1—4x)+C j) 2In(bx+1)+C k) —Eln(3—2x)+C
m) 3In(2x-1)+C n) —2In(1-3x)+C 0) gln(4x+l)+C

q) éln(3x +1) +%In(2x—1) —gln(4x+3)+c

2.

a) 0.847 b) 0.805 c) 0.693
e) 0.788 f) 9.730 g) 5.838
i) 4.394 j) 1.099 k) 0.305
m) 1.695

3. Proof.

d) lIn(3x—2)+C
3
h) InBx+1)+C

1
N =Inx+C
) 2

p)

d) 0.157
h) 1.386

) 1.099
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Advanced Higher Integration - Notes Unit 1 Outcome 1.3

INTEGRATION OF TRIG FUNCTIONS

[sin(ax-+b)dx= —lcos(ax+ b)+C

Isinxdx:—cosx+C a

[cosxdx=sinx+C Icos(ax+b)dx:isin(ax+b)+c
[sec® xdx=tanx+C [sec?(ax+ b)dx:ltan(ax+b)+C

a
Isecxtan xdx=secx+C

Isec(ax +b)tan(ax+b)dx = isec(ax +b)+C

a
Examples
1) j(3COSX—4Sin2X)dX 2) IGseC24de
=3sinx—4(%)(—0052x)+c :6££jtan4x+c
4
=3sinx+2c0s2x+C 3
=—tan4x+C
2
¥y 43 +3
3) Show that j(sm2x+seczx)jx: T
0
5
_[(sin 2X +sec? x)jx
0
1 B
:{——0032x+tanx}
2 0
1 1 1 1 3+4
=—-—C0S—+tan—+—-cosO—tan0 =—t—==—F
20033+ an6+2cos an NN
:_1(1j+i+1_0 _V3+4(43
2l2) J3 2 43 (V3
:—1+1+i 3+4\/§
42 43 EEY.
Worksheet: Integration 4 SCHOLAR: p85 Q12 -27

Lanark Grammar Mathematics Department Page 4 Mrs Leck




Advanced Higher Integration 4 Unit 1 Outcome 1.3

['sin(ax+ b)dx=—§cos(ax+b)+c
Icos(ax+ b)dx = ésin(ax+ b)+C

Isec2 (ax+b)dx = 1tan(ax+ b)+C
a

;j jcostdx b) Isin3xdx c) j sec” 2xdx d) I 6cos3xdx

e) IZsin4xdx f) J'sec2 3xdx g) j4c056xdx h)_[Zsiandx

i) _[secz 4xdx ) I(seczx+1)dx k)j(3c053x+23inx)dx |)I(8c052x—4sin2x)dx
m)j(65in2x+20054x)dx n) IGsecz 2xdx 0) J'seczéxdx

2. = z z

a) IOZ cosxdx b) J'O3sin xdx c) L“ cos2xdx

d) L;rsinZde e) J'Oi‘isec2 xdx f) Lz(sinx+cosx)dx

g) J'O 8 cos4xdx

2.3

3. Show that Esec2 xdx=T.
6
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Advanced Higher

Integration 4

Unit 1 Outcome 1.3

1

a) %sin2x+c b)
1

e) —Ecos4x+C f)

L1 .

i) Ztan4x+C i)

m) —30052x+%sin 4x+C

NI

9)

3. Proof

ANSWERS

—%cosBx+C C) %tan2x+C

1tan3x+C ) zsin6x+C
3 3
tanx+x+C

K) sin3x—2cosx+C

n) 3tan 2x+C

b)

| —

O

j—
N |-

f) 1

d) 2sin3x+C

h) —cos2x+C

) 4sin2x+2c0s2x+C

0) 2tan%x+c
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Unit 1 Outcome 1.3I

Advanced Higher Integration - Notes

INTEGRATION BY SUBSTITUTION

When the derivative of one part of the integrand is related to another part of the integrand,
Integration by substitution can be used.

NOTE: Look for the relationship of one part being the derivative of the other.

Examples
1) jx(xz +1)5dx using u = x> +1.

5
Letu=x*+1 Ix(x2 +1) dx
U_ox ~ (Lysdu
dx 2
du = 2xdx
1 zl(lju‘%c
Edu:xdx 2\6
= i(x2 +1)6 +C
12

2) J'xlex3+4dx using u:(x3+4)

Letu=x*+4
du
o
du = 3x%dx

3x2

1du = x?dx
3
IXZ\/X3+4dX
:Ilu%du

3

33

:g(x3+4)% +C

Worksheet: Integration by Substitution 1

3) Jsinzxcosxdx using u =sinx.

Let u =sinx
du

— =CO0S X
dx

du = cos xdx

Isinzxcosxdx
='|'u2du
“lese

3

=lsin3 X+C
3

SCHOLAR: p87 Q29 - 37
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Advanced Higher  Integration by Substitution 1 Unit 1 Outcome 1.3

1. Use the suggested substitution given in brackets to find:

) j x(x2 +1)%dx (u=x>+1) b) j x%(x3 +1)°dx (u=x%+1)

c) j x(x2 +3)" dx (u=x>+3) d) j X3 (x* +1)°dx (u=x*+1)

&) [x(2x+1)"dx U=2+1)  f) [x@-x*)°dx u=1-x%)

g) [x*(2¢-1)°dx u=2x"-1) h) [xe dx (u=x?)

i) [cosxe™™dx (u=sinx) i) [sin® xcosxdx (u=sinx)

K) j cos? xsin xdx (U =CosXx) ) j xsin(x?)dx (U=x?)

m) [ x/x +1dx (U=x2+1) n) [sec’xtan* xdx (u=tanx)
0) [x@¢+1dx  (u=2¢+1)  p) [xPerdx =)

g) [sin*xcosxdx (u=sinx) o [x*(@x +1)"dx (u=2x3+1)

s) szx/x3 +1dx (u=x*+1) ) jcosx\/1+sin xdx (u=1+sinx)
u) jln—xdx (u=Inx) V) '[x(xz—3)5dx (u=x>-3)

. -
W) ~[x\/l—xzdx (u=1-x?) X) IXZ(XS—l)ZdX (u=x>-1)

y) jxezxzdx (u=2x%) 7) I8cosxsin3 xdx (u=sinx)

Lanark Grammar Mathematics Department - BEng 1 Tutorial Book Mrs Leck




Advanced Higher

Integration by Substitution 1

Unit 1 Outcome 1.3

1.

2) é(x2+1)4+C
c) i(x2+3)8+C
16
1 2 5
&) —(@2x*+1)°+C
20
0) i(2x3’—1)6+C
36
) e 4C
1
k) —=cos x+C
4
1 3
m) §(x2+1)2+C
0) i(2x2+1)4+C
16
1 - 5
—sin®>x+C
) c
2 3
$) Z(x*+1)2+C
9
u) i(Inx)2+C
2
1 3
w) —5(1—x2)2 +C

1
4

y) —e* +C

ANSWERS

1 3 6

b) E(X +1)°+C
1 4 10

d) E(X +1)7 +C

1 2\7

f) —ﬂ(l—X) +C

h) %eXZ+C

) %sin3x+c

1) —%cos(x2)+c

n) %tan5x+C

p) %ex3+C
1 3 5

r %(ZX +1)°+C
2. .3

t) 5(1+5|nx)2+C
1.2 6

V) E(X —3) +C
1 3 3

X) §(X —1) +C

z) 2sin*x+C

Lanark Grammar Mathematics Department - BEng 1 Tutorial Book
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Unit 1 Outcome 1.3I

Advanced Higher Integration - Notes
Examples INTEGRATION BY SUBSTITUTION 2
X .
4 dx using u=3x*+1
) I3x2 +1 g
u=3x>+1 J‘ X dx
d 3x% +1
=6 1(1
dx :I—K—jdu
1 6\ u
—du = xdx 1
6 :Elnu+C

:%In‘sz +ﬂ+C

sin2x

5) Use u=1+cos2xtofind | ——————adx.
J‘\/l+0052x

U =1+C0s2x Iﬂdx

du =-2sin 2xdx V1+1C082X
_[_2y7

—%du:sinZde =] ;U
=—%Qw%+c
=—+/1+c0s2x +C
=C-vl+cos2x

Worksheet: Integration by Substitution 2
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Advanced Higher Integration by Substitution 2 Unit 1 Outcome 1.3

1. Use the suggested substitution given in brackets to find:

X

X 2 X U3 e X
a)szﬂdx (U=x>+1) b) jX3+1dx (u=x*+1) c) jex+1dx (u=e*+1)
d) | S (u=1+x") e) jidx u=e*- ) | X _dax  (u=2x*+1)

1+x* e -1 2x% +1

U=x"+4) j dx  (u=x+1)

XZ
I\/x3+1

(Uu=e*+1) ) I X dx (u=2x>+3)

N2x%+3

X
SeC X
9 | 0 (u=tnx) h) I\/mdx

dx U=3¢-1) K|

X er
i dx
) ‘[\/3x2 -1 Je? +1

COSX . sin 2x X
X u=sinx _ X 2
J.m ( ) n)jm (u=cos2x) O) J.(x2+1)4 dx  (u=x*+1)
x? X COSX )
p)jmdx u=x>+1) q) Imdx (u=1-x?) r Isinexdx (u=sinx)
sinx_, _ ) [_COSX 4 —14si | SInX_ g (u=1+cosx)
S)JCOS4X X (u=cosx) ) Il+sinx X (u=1+sinx) u) 1+ cosx
v)j cos2x dx (u=1+sin2x) W)Ismidx (u=1-cos4x) x) j ax dx (u=x*+1)
1+sin2x 1-cos4x x*+1
e” d 3 jﬂdx (u=1+sin2x)
y)J e X (u=1-e7) ) (1+sin2x)* -

2 a) By writing tan x as SINX and using the substitution u = cos X, find Itan xdx.
COSX

b) Use a similar method to that in part a) to find Icotxdx
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Advanced Higher

Integration by Substitution 2

Unit 1 Outcome 1.3

1.

a) %In(x2+1)+C
1 4

d) Zln(1+x )+C

g) In(tanx)+C

D Vac-Lec

m) 2+vsinx+C

P) - 3(x3+1) e

1
3cos® x

5) +C

V) %In(1+sin 2xX)+C

y) —%Vl—esx +C

2 a) —In(cosx) +C

b) In(sinx)+C

ANSWERS
1,03
b) 5In(x +1)+C

e) %In(e2x -+C

h) Vx*+4+C
k) Ve*+1+C

n) —+/cos2x +C

1
————+C
q) 4(1_X2)2+

t) In@Q+sinx)+C

w) % Inl—cos4x)+C

) :

= __,cC
6(1+sin2x)*

c) Ine*+1)+C
1 2

f) ZIn(Zx +1)+C

i) %xlx3+1+c

) %'\/ZXZ +3+C

1
-~ __4C
%) 60 +1)°
1
N - +C
) 5sin’ x

u) —In(t+cosx)+C

x) 2In(x* +1)+C

Lanark Grammar Mathematics Department

Mrs Leck




Unit 1 Outcome 1.3I

Advanced Higher Integration - Notes
Examples INTEGRATION BY SUBSTITUTION 3

6) If u=x+1 find '[x(x+1)3dx.

jx(x+1)3dx
u=x+1 3
=|u’(u-1)du
du=dx '[4( 3)
X=U—1 :ju —u°du
BENLIE TN,
5 4

1 s 1 4
— 2 (x+1f = (x+1)' +C
5(x+ ) 4(x+ ) +

) If u=x— 2f|ndj\/)i
x+1
U=x-2 I
du=dx
N —Iu u+3du
X+1=u+3 :ju 24+3u %du
:gu%+6u%+c

:é(x—Z)%+6\/x—2+C

8) Use u=x’+1 tofind Ixsx/x2+1dx.

u=x*+1 Jx3\/x2+1dx
du = 2xdx
1 =J-l(u —l)u%du
Edu:xdx i
3
x?=u-1 :J.E[UA_U%)O'U

2\5 23

x +1)/ x +1)/ +C

Worksheet: Integration by Substitution 3
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Advanced Higher

Integration by Substitution 3

Unit 1 Outcome 1.3

1. Use the suggested substitution given in brackets to find:

a) Ix(x +1)°dx (U=x+1)
c) Ix(x+2)4dx (U=x+2)
e) I(x+1)(x+2)3dx (U=X+2)
9) [(x+2)(x-1)"dx (u=x-1)
i) Ix\/x+ldx (U=x+1)
X
k) J'mdx (u=x+1)
x+1
J‘ — (U=x+2)
0) ij(x2 +1)*dx (u=x*+1)
q) Isin“xcos3 xdx (u=sinx)
X
) J'X_Jrldx (U=x+1)
X
u) j(x+]_)2 dx (U=X+1)
W) Ix(2x—1)5dx (u=2x-1)
y) IXZ\/X+1dx (U=x+1)

b)

Y

z)

'[x(x—l)3dx (u=x-1)
_[x(x—4)7dx (u=x-4)
j(x—1)(x+1)6dx (U=x+1)
.|.(x+1)(x+3)5dx (U=X+3)
jx\/x—de (u=x-2)
X
jm dx (Uu=x-4)
J- X+1 (U _ X—l)
'[x3(x2 ~1)%dx (u=x*-1
jcosz xsin® xdx (u=cosx)
X
de (u=x-2)
.|.x(2x +1)%dx (u=2x+1)
.[x(3x+1)4dx (u=3x+1)
XZ
j —x—ldx (u=x-1)

2. Make use of the substitution u = sec x to find Isec3 X tan xdx

3. Make use of the substitution u = sin x to find Icoss xdx.

4. Make use of the substitution u = cos x to find J'sin3 Xdx

3

X
5. Make use of the substitution u=x2+ 1 to find J. /—X2 1 dx
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Advanced Higher

Integration by Substitution 3

Unit 1 Outcome 1.3

1.

a) %(x+1)7—%(x+1)6+c
d) é(x—4)9+%(x—4)8+c
1 6,3 5
Z(x=-1)°+2(x-1)°+C

g) 6(X ) +5(X )"+
"\ 2 5 4 3
Z(x-2)2+2(x=2)2+C
) 5(X ) +3(X )2+
2 3
m) 5(x+2)2—2«/x+2+C
p) %(x2—1)5+%(x2—1)4+c
s) x+1-In(x+1)+C

1 1
V) —(2x+1)° ——(2x+1D*+C
)20( ) 16( )

b)

h)

K)

D

ANSWERS

1 1
Z(x-1)°+=(x-D*+C
5( ) 4( )

1 1
Z(x+2)°-=(x+2)*+C
5( ) 4( )

1 1

Z(x+3)" == (x+3)°+C
7( ) 3( )

2 3
§(x+1)2—2\/x+1+C
2 3
5(x—1)2+4\/x—1+c
Lginsx—Lsin’ x+cC

5 7

X—2+2In(x-2)+C

1 2

C) Z(x+2)°-=(x+2)°+C
6( ) 5( )

f) l(x+l)8—z(x+1)7+C
8 7

) 5 9 3

) Z(x+1D)2-=(x+D2+C
5( ) 3( )
2 3

1) 5(x—4)2—8\/m+c

0 Leiy-tneinic
12( ) 10( )

r —lcos3x+lc055x+c

3 5

u) |n(x+1)+i+c
X+1

1 1 1 1
w) —(2x-D)"+—=—(2x-1)*+C x) —(Bx+D°*——@Bx+1D)°*+C
) 28( ) 24( ) ) 54( ) 45( )

2 7 4 5 2 3
—(X+D2 ——(x+D2+=(x+132C
y)7( ) 5( ) 3( )

2. 1se(:3x+C
3
. 1.,
3. S|nx—§S|n Xx+C
1 3
4.—cosx+§cos Xx+C

2
5. %(x2 +1)2 —/x*+1+C

5 3
z) %(x—l)2 +g(x—1)2 +2Jx-1+C
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Advanced Higher

Integration - Notes

Unit 1 Outcome 1.3I

INTEGRATION BY SUBSTITUTION 4

Examples

V4

0.5

1
‘!—Edu
Ll

=—-In0.5+In1
=In1-1n0.5

o

=In2

1
9) Use u=x*+1 tofind Ixs(x4+1)3dx.
0

3
10) Use u =cosx to find ftan xdx.
0

NOTE: When we use substitution to create a definite integral the limit MUST be expressed
in terms of the new variable.

u=x*+1
du = 4x3dx

1du = x3dx

U =CcoSX
du = —sin xdx
—1du = sin xdx

Limits

x=0 u=1

x=1 u=2

Limits

x=0 u=1

x:Z u=2
3

Lanark Grammar Mathematics Department
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Advanced Higher Integration - Notes Unit 1 Outcome 1.3

INTEGRATION BY SUBSTITUTION 4

5
11) Use u=x-1tofind Ix\/x—ldx.
2

4 1 u=x-1 Limits
j(u+1)u2du du=dx x=2 u=1
1
403 1 X=u+1 X=5 u=4
:ju2+u2du
1
5 37
= gu2+gu2
5 3
1
2 2 2 2
=2(32)+<(8)-2(1)-=(1
(32)+36)-c0)-30)
_64.16 2 2
5 3 5 3
_192+80-6-10 256 _, 1
15 15 15
3
12) Use u =sinx to find _[cos3 Xdx.
0
2 3 .
'[coss xdx = Icos2 X cosxdx u=sinx Limits
" 0 du = cosxdx x=0 u=0
:J'(1_u2)ju sin®x+cos* x=1 x=" u=1
0 cos’ x=1-sin’ x 2
l 1
:{u——uel =1-u*
3
1 2
=1-=-(0)=%
t0-2

Worksheet: Integration by Substitution4 SCHOLAR: p89 Q38 - 45
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Advanced Higher

Integration by Substitution 4

Unit 1 Outcome 1.3

1. Use the suggested substitution given in brackets to evaluate:

1

) Ix(x2+1fdx (u:x2+1)

1

) |

o

e)

Ot [N

xz(x3 +1)4dx (u =x° +1) ij(x2 —1)5dx (u =X —l)

c)

a
sin®xcosxdx  (u=sinx) H jsinxcos“xdx (u=cosx)
0

z 3
X ) f Ccosx . X 4 2416
— d -1 . X u=Xx"+
9) !X2+1dx (u=x2+1) h) £1+sinx X (u=L+sinx) j ! N ( )
1 1 8
i) Ix(x+1)3dx (u=x+1) K) J.x(x+2)4dx (U=x+2) ) J.x»\/x+1dx (u=x+1)
0 0 0
f-‘*d(-)”d(s) [ (u-25-x)
sin® xcosxdx u=sinx X U=X+ X u=25-x
m ) n)! X+3 0 ) 5«
[xbe-ghox (=x-8) g [ Zax  (w=x1)
—8) = — X Uu=X
2 ex
2. Make use of the substitution u = e — 1 to show that jex 1dx =In(e+1).
) e —
Lanark Grammar Mathematics Department Mrs Leck




Advanced Higher

Integration by Substitution 4

Unit 1 Outcome 1.3

1.
7
a) 1—
) 8
7
d —
) 12

2. Proof.

ANSWERS

b) 2=
) 15

h) In2=0.693
K 2613
30

n 6-—

q) 21=

c) 60—
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Advanced Higher Integration - Notes Unit 1 Outcome 1.3

INTEGRATION BY SUBSTITUTION 5

If the integrand contains a term in the form /g2 —x? , it is often easier to use a trig term.

va?—x* = x=asind

Examples
1
. . X+1
13) Use x =2siné tofind _([mdx.
8 (2sin6+1) X =2sin@ Limits
j 4 4Sin29(2C059)d0 X2:4Sin20 x=0 2sind=0
0 - .
= dx=2cosalo sing =0
6 H —
:I(25|n0+1)(220056?)d9 08 § = 1—sin 0 6=0
° 4c0s°0 4co0s’ @ =4-4sin’ 0 L 2sing -1
Ll X= sing =
% (2sin@+1)2cos0)
=I do sing = 1
0 2cosd ne=3
5 P
:IZSin¢9+1d0 6
0

[-2coso+0]¢

:—2cos£+£+20050—0
6 6
=-2 ﬁ + 242
2 6

=—\/§+%+2=2+%—\/§

Worksheet: Integration by Substitution5 SCHOLAR: p91 Q46 - 53
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Advanced Higher Integration by Substitution 5 Unit 1 Outcome 1.3

1. Use the suggested substitution given in brackets to evaluate:

1
PR . L1 .
a) J'ﬁdx (x=sin®) b) I4 2dx (x=2sin0)
0 0 —X
1
2 o 20X .
o | dx  (x=4sing) d) |—=dx (x=sing)
0 :|.6—X2 o v1-X
3 1
P . 2 ox+1 .
e) j 9_dex (x=3sin) f) j?dx (x=sin®)
0 0
1 NE
0) j X+2 dx (x=2sin6b) h) I;dx (x=2sinéd)
4—X 4-x°
0 V2
; 1 1 S x+1
i dx (x==sind) i dx (x=4sin0)
) { 1-9x2 3 ) ! 16— %2

1
1
2. Make use of the substitution x=1—sin& to evaluate J—z dx.
1
2
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Advanced Higher

Integration by Substitution 5

Unit 1 Outcome 1.3

1.
T
a ol
) 6
c) %
3
T
e J—
) 6
T
2—~3+—
9 :
. T
| J—
) 18
2.
6

ANSWERS

b) %

d) 1-?

f) 1—73+%
h) %

j) 4—2J§+%
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Advanced Higher

Integration - Notes Unit 1 Outcome 1.3]

INTEGRATION BY SUBSTITUTION 6 — Select own Substitute

Examples
14) .[x\/xz +1dx

15) j&dx
1+2cosx

w

16) |

[EEN

X+

o

12 ’
j—uzdu u=x+l
2 3 du = 2xdx
_1(2 24C 1
2|3 Edu:xdx
3
:lu2+C
3
3
=l(x2+1)5+C
3 -
I_l(ljdu u=1+2cosx
2\u du = —-2sin xdx
1
:—Eln|u|+C _ldu:sinxdx
. 2
:_Eln|1+2003x|+C
4u_l = l
4 1 1
=Iu2_u 2du X=u-1 K3 und
1

Worksheet: Integration by Substitution6 SCHOLAR: p94 Q54 - 65
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Advanced Higher

Integration by Substitution 6

Unit 1 Outcome 1.3

1. Make use of a suitable substitution to find:

a) _[x(xz +1)%dx

I X+ X2 + 4dx

2x3
°) I x* +1dx
J‘ezx(e2x +1)°dx
szx/ x® +1dx
.[ X+/ X —3dx

m) jx3(x2 +1)°dx

X2
I

2. Make use of a suitable substitution to evaluate:

©o2x
) -(|:x2+1
1
e) J.x(x+1) dx
0
10
X
dx
9) ! —
3 XZ
i dx
) ;[ x+1

b) [x*(x*—2)dx

d) J.2x +1

X2
f) Imdx

h) J‘ SII‘IX
Zcosx+3

) _[x(x+1)4dx

X
I 5™
n) '[xzx/x_—ldx

2
IXZ\/X3+1dX
0

i X dx
o'\/X2+9
5

f) Ix\/x+4dx

h) |sin2x+/1-cos2xdx

O e N [y o

3
t2x+1 3J3
s

m_l 3
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Advanced Higher Integration by Substitution 6

Unit 1 Outcome 1.3

1.

1 7
a) ﬂ(x2 +1) +C
c) %(x2 +4)§ +C
e) %In(x4 +1)+C
9) %(e2X +1)4 +C
i) é(x3+1)2 +C
k) %(x—3)2+2(x—3)2+c

1 2 1 2 7
m) —(x*+1) ——(x"+1)"+C
) 16( )8 14( )

ANSWERS

5 3
0) %(X—Z)z +§(x—2)2 +8Jx-2+C

2.
1
a 3—
) 10
c) In2=0.693
3
e) 4—
) 10
2
0) 14=
3
. 1
i 5—
) 15
3. Proof.

b)

d)

h)

)

b)

d)

h)

1

E(X3_2)5+C

%In(2x2+1)+c
2 e +C
3
1
—Eln(2cosx+3)+C
%(X-ﬁ-l)(s —%(X-ﬁ-l)s +C

%(x+2)2—4«/x+2+c

2 T4 > 2 3
—(x=-1)z2+=(x-1)2+=(x-1)2+C
S (x=1)e+ 2 (x=1)? + 2 (x-1)

33E
15

Wl
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Advanced Higher

Integration - Notes

Unit 1 Outcome 1.3|

Inverse Trig Functions

Since we know that i(sin‘l x) - =
dx

= it follows
1-x

NOTE: Itonly applies to
I ! dx=sinx+C J' dx sin~ ( jx+C SIN and TAN.
V1-x? va’
NOT COS !
a a af X 1 1, (X
I de:tan Xx+C J. > 2dx:tan — |x+C j > de:—tan — Ix+C
1+x a“+x a a“+Xx a a

Examples

1
1) j de
1
7=

sinl(gjm

x* +36
1
-[4(62 + X2 jdx
4(1jtanl[5j+c
6 6
gtan‘l(i}rc
3 6

Lanark Grammar Mathematics Department
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Advanced Higher

Integration - Notes

Unit 1 Outcome 1.3I

Inverse Trig Functions

5 1
) '[\/25—9xzx
'[;dx
25

o5~

L.
S

*(1)-sin™ (%J

|
oy

o]y N

1
9+4x°

6) |

dx

Worksheet — Integration of Inverse Trig Functions 1

Scholar p45 Q7-8
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Advanced Higher Integration of Inverse Trig Functions 1 Unit1 Outcome 1.3

[

dx=sin" ( }LC

I 21 2dx:ltan
a+Xx a

o

1. Make use of the standard integrals above to find each indefinite integral.

dx

1
iR by

dx

©) -[25+ x?

dx

) -[36+ NG

1
™ J.64+ X o

2
a) J.2+x2 dx

1) J9+4x2

2. Evaluate each definite integral in terms of

) [

dx

) J‘016+x2

ez 1
i) _[724+X2dx

11
™ [y e

! dx
V1-x?

1
1
v | V16— 25x2

R
e

dx

" -[J?9+ x?

J)-[l 1+x°

A 1
—d
n) J.O /9_4X2 X

1
-4
° J.\/100—x2 ”
1
—d
9 ‘[\/ZS—X2 ”
1
K) | —m——=d
) '[\/49—x2 "

0 [

1
S dx
) I1+9x2

1
w dx
) I16+9x2

1
9 -[9+x2 dx

h) j\/ldex

4
| dx
) J.100+ x2

1
p) I3+x2 dx

1
) |—d
e

1
g '[ V100-9x?

11
9 jo1+x2 dx

% 1
e

dx

dx

6 4 q
) [
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Advanced Higher Integration of Inverse Trig Functions 1 Unit1 Outcome 1.3

ANswers

. (X
sin| = |+C
b) (4j+
f) ltan1(5j+c
2 2
A T
—tan™| — |+C
) 5 (4j+
n) 2tan1[§j+c

r %sin‘1 2x+C

1, 4(2x 1. ,(5x
—tan™| — |+C =sin™| — |+C
Y5 (3+ v) 5! (4}+
2.
T T
a) — hy 2~
) 5 )
T T
e) — ) —
)16 ) 36
_— i
')Z ) 5
m) = n ~
4 12

9)

oy

k) 2%
12

1, (X
d) =tan~| — |+C
5 3)
h) 2sin™x+C

) gtanl(ij +C
5 10

d)

NG

h)

oy
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Advanced Higher Integration - Notes Unit 1 Outcome 1.3

Inverse Trig Functions

1
9) Use the substitution u=x—3 to find the indefinite integral. Imdx
u=x-3 J- 1 du
X=U4+3 u?+6u+9-6(u+3)+13
x? = (u+3)° J' ! du
, u?+6u+9-6u-18+13
X“=Uu“+6u+9 1
_[ —du
u:+4
du 1
k|
dX J‘22+u2du
du = dx
1tan‘l(ﬂj+c
2 2
1tanl(—)(_:)’j+c
2 2
o _ L 7 COS X
10) Use the substitution u = 2sinx to evaluate the definite integral Im

0

1
u=2sinx J'i( 12}1”
u? = 4sin’ x 0 2\1+u
1 1
M 5 cosx [—tanlu}
dx 2 0
ldu = Cos Xdx 1tan’ll—ltan’lo
2 2 2
Limits l(zj_l(o)
x=0 u=2sin0=0 2\4) 2
x=2 u=2sinZ=1 z
6 6 8
Worksheet — Integration of Inverse Trig Functions 2 Scholar p47 Q9 - 10
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Advanced Higher Integration of Inverse Trig Functions 2 Unit1 Outcome 1.3

T

673

3 1
1. Show that I13+X2dX=

2. Use the substitution given in brackets to find each indefinite integral.
1

) Jrraxgs® W=x+D 0 [erags®™ @=x+2)
L 1
2 '[X —6x+10dx (U=x-3) d) IX _4x+5dX (u=x-2)
e) J';dx (U=x+4) f) I;dx (U=x-1)
x* +8x+20 - W2 — 2% 13
3. Make use of the substitution u = x — 1 to evaluate the definite integral J.;dx,
2x+10

expressmg your answer in terms of .

Lanark Grammar Mathematics Department Mrs Leck




Advanced Higher

Integration of Inverse Trig Functions 2 Unit1 Outcome 1.3

1. Proof

b) ltan‘l(—x+2j+c
3 3

d) tan(x-2)+C
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Advanced Higher Integration - Notes Unit 1 Outcome 1.3

Use of Partial Fractions and Algebraic Long Division

9) a) Express in partial fractions.

X+7

i —dx
b) Hence find J2x2+3x—2
X+7 A B 3 1
. [,
2X°+3x—-2 2x-1 x+2 2X=1 Xx+2

3 In[2x—1]-In|x+2|+¢
X+7=A(x+2)+B(2x-1) 2

X=-2 5--5B B=-1
x==  2_2a A-3
2 2 2

X+7 3 1

X +3X—2 2X—-1 X+2

1
10) a) Express Z—x_6 in partial fractions.

6
1

. 1 - :
b) Hence find the exact value of fmdx giving your answer in the form kIn a.
3 X% —x—

1 ___ A B Looq 1
X*—-X—6 Xx-3 x+2 {5(x_3)_5(x+2)x
1 1
1= A(+2)+B(x-3) cLIn[x=3=In|x+2[],
1 1
x=3 1=5A A=¢ g[|n|—2|—|n|3|—|n|—3|+|n|2|]
1 Magnitude therefore ignore negative sign

%[In2+ln2—(ln3+ln3)]

1 1 1 1 2
> = - =|2In=
x*—x—6 5(x-3) 5(x+2) 5 3
o (5)
—Inl =
5 (3
Worksheet — Integration using Partial Fractions 1 Scholar p51 Q14 - 15
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Advanced Higher Integration Using Partial Fractions 1  Unit 1 Outcome 1.3

1. Make use of partial fractions to find:

X
Kl md

d) J.(x 1)(x+3)

2 3x
g)J‘x(l x)

: 3Xx-5
D[22 dx
J.x2—3x+2
x-15
m[— 2" gx
jZXZ—Sx—lz

J~ X+7
P exa15"

2. Evaluate giving each answer correct to 3 decimal places:

6 4x-9
a0y ®

d) | X*+2
1x(x+4)

5 2X
9 J.4x2—4x+3dx
. 4 3X+7
), I

2 er g X
0X“+5X+6

) J.x(x 1)

J- 3X+5
€) (x +l)(x+3)

1
h) -[ (2x+3)(x+2) dx

k) X+6
-[x +2x

n) J‘ 2(X+1) dx
x?+2x-3

X
9 Jx2—2x—3dx

6 1
b) jsmdx

3 1
9 |ane®™

6 X+24
) IS X2 —x-12

O

22x*+x-3

dx

c J’ 5x+1 X
(X=D(x+2)

X—8
" J.(x +1)(2x-1) dx

) | Xf_ldx

10
) | ———dx
) -[2x2+3x—2

I 6X+5
3x%>+5x-2

dx

X+1
J.2x2+x

. 5
2 IS(><+3)(x—2)OIX

[ 0D g,

8 (x—4)(x-7)
N (3 X-—2
) IZ2x2—x—3dX

3
) I
-[2 2x% +5x+2
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Advanced Higher Integration Using Partial Fractions 1  Unit 1 Outcome 1.3

a) —3In(x—=1)+6In(x—2)+C
b) 3Inx—2In(x-1)+C

¢) 2In(x—1)+3In(x+2)+C
d) In(x—1)—2In(x+3)+C
e) In(x+1)+2In(x+3)+C
f) 3In(x+1)—gln(2x—1)+C
g) 2Inx+Inl-x)+C

h) In@2x+3)—In(x+2)+C
iy In(x-1)—In(x+1)+C

i) 2In(x-1)+In(x—2)+C
k) 3Inx—2In(x+2)+C

) 2In(2x—1)—2In(x+2)+C
m)gln(2x+3)—ln(x—4)+C
n) In(x+3)+In(x-1)+C
0) In(3x—1)+In(x+2)+C
p) 2In(x+3)—In(x+5)+C
q) %In(x—3)+%ln(x+1)+c

r Inx—%ln(2x+1)+c

ANSWERS

a) 3.989
b) 0.203
c) 0.539
d) 0.438
e) 0.462
f) 7.824
g) 1.792
h) 2.419
i) 0.063
j) 2.793
k) -1.314

) 0.182
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Advanced Higher Integration - Notes Unit 1 Outcome 1.3

Integrating an Improper Rational Function
Before integrating an improper rational function (a function where the power of the numerator is equal
to or more than that of the denominator), long division should be used to express the function as a
polynomial and proper rational function.
1) J-x2+4x+2dx J~x2+4x+2dx
X+1 x+1
x+3—idx
X+3 X+1
X+1 ' x> +4x+2 %x2+3x—ln|x+1|+c
x° + X
3X+2
3x+3
-1
x+3—L
X+1
Worksheet — Integration using Partial Fractions 2 Scholar p54 Q16 - 18
X . : : . 3
2) a) Express 71 in partial fractions. b) Hence find sz—ldx
_ N
X A B
2 4 + X
x*-1 x+1 x-1
x° —]l x°
x=A(x-1)+B(x+1) X° —x
1 X
x=1 1=2B B==
2
x=-1 ~1=—2A A=1 X+
2 x? -1
X 1 1
2 1 + X
x*-1 2(x+1) 2(x-1) X+ ———dx.
x° -1
1 1
Ix+ + dx
2(x+1) 2(x-1)
1y +lln|x+1|+lln|x—1|+c
2 2 2
Lanark Grammar Mathematics Department Page 16 Mrs Leck




Advanced Higher Integration - Notes Unit 1 Outcome 1.3

Integrating an Improper Rational Function
1
a) Express as partial fractions.
) Exp Gax BP k
) 1 ) .
b) Hence obtain a formula for I(k) = J'Xs—dx, where k > 1, expressing your formula in
1
a
the form In [Ej where a and b are functions of k.
1
X3+ x
Worksheet — Integration using Partial Fractions 3
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Advanced Higher Integration Using Partial Fractions 2  Unit 1 Outcome 1.3

1. Using algebraic long division first, find:

a) j—dx b) X dx c) X dx
X+2 x—1 X—4
X+5
" dx Xx+1
d) -[x+6 J.x+2 N Imdx
2x+3 X* +4X+2 : x> —X+3

h ——dx i A -ATO
Q) [2dx ) I L
. 2 2X2—3X+2 3X2—2X+1
j) [XH6x+7 k) [Z222TC gy 1) dx
[ oq X J x_? J 3x+1
m) X +5%°+5x-1 ny [2X°=7x*+7x-1 0) 2X3+3X2—2X—5dx
dx dx
X+3 2x—1 x+1
_ _ X—3 3x+2
D) IX 4x? 3x+14dx q) J'de r J‘
3x+1
AN dx —dx
2x2 +7x+1 X+2
V) .[ X+ 2 dX W '[ dx X+3
X(2x+1) G +4
d
)I X+1 X 2 -[x+1 X
2. Evaluate giving each answer correct to 3 decimal places:
70X 3IX+2
) o™ ) ] 9 ot
3) 3X2—2X—2
d) 8 X2 +7x+6 e 4 X(X+ dx £ X" —-2x-2
-[ X+2 )IO X+2 )-[1 x+1 X
32X% +5X — 1 42x2 +5x+1 o el 2X2
i
)I X+3 X I 2x+1 I02x+1
10 X° + X2 —8x+8 1 x+1
J j dX ) J.04X“r‘3 I) J02X+1dx
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Advanced Higher Integration Using Partial Fractions 2

Unit 1 Outcome 1.3

a) x-2In(x+2)+C

b) x+In(x-1)+C

c) x+4In(x-4)+C

d) x-6In(x+6)+C

e) x+3In(x+2)+C

f) x=2In(x+3)+C

9) x+In(2x+1)+C

h) %x2+3x—ln(x+1)+c
i) %x2+3ln(x—l)+C

), %x2+2x—ln(x+4)+C
k) x*+x+4In(x-2)+C

) %xz—x+§In(3x+1)+C
m) %x3+x2—x+2In(x+3)+C

n) 1 3y +2x+lln(2x—1)+C
3 2 2

0) Zx3+£x2—3x—2ln(x+l)+(3
3 2

p) %x3—3x—2ln(x—4)+c

qQ Xx-2In(x-1)+C

N 3x+8In(x-2)+C

s) 2x-6In(x+3)+C
3 1
—x—=In(2x+1)+C

) X"y ( )

u) 4x+4In(x-1)+C

v)  X*+3x-5In(x+2)+C

w) X+4In(x-2)+C

ANSWERS

2.
a) 1.088

b) 4.197
c) 2.693
d) 49.727
e) 9.803
f) -1.307
g) 6.811
h) 12.951
i) 0.275
j) 431.545
k) 0.729

) 0.775

X) %x2—3x+9In(x+3)+C
y) X —x+In(x+1)+C

2) %xz—x+5ln(x+1)+C
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Advanced Higher

Integration Using Partial Fractions 3  Unit 1 Outcome 1.3

1. Using algebraic long division first and then partial fractions, find:

a) NG +2x+2
I X2 + X

4x2
)-[X—ZX

9) J~2X3 +4x*-15x—8
X?+2x—8

x3 —x? —5x+1
J)-[ —-2X-3 dx

X2 +2x-3
m) | ———— —dx
) -[x2+3x+2

dx

b [_X
dx
J.xz —4
2X% +2X+3
e) I——l

dx

x> +3
h) sz_ldx

3 2
K) IX —52x +11x-12
X°—5Xx+6

dx

3 2
n) IX +2X°—5X—6
x* —4x+3

dx

c) J-x +3X— 13
X2+ X— 2

2
f X“+2
) J.x2+2xdx

2
i) IX +2x—6dx

X2+X—2
X3 +4x> —x+2
|

5 dx
X% + X

2x3 +x2 —3x+11
o |

> — dx
2X°+3Xx—-2
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Advanced Higher Integration Using Partial Fractions 3  Unit 1 Outcome 1.3

1.
a) X+2Inx—In(x+1)+C

b) Xx+In(x-2)-In(x+2)+C

€) x+5In(x+2)-3In(x-1)+C

d) x+Inx-3In(x-2)+C

e) 2x+%|n(x—1)—gln(x+l)+c
) x+Inx-3In(x+2)+C

g) X*+2In(x+4)-In(x-2)+C
h) x+2In(x-1)-2In(x+1)+C
i) X+2In(x+2)-In(x-1)+C
) %x2+x+ln(x—3)—ln(x+l)+c
k) %x2+3ln(x—3)+2ln(x—2)+c
) %x2+3x+2lnx—6ln(x+1)+c
m) x+3In(x+2)-4In(x+1)+C

n) %xz +6x+12In(x-3)+4In(x-1)+C

0) %xz—x+2|n(2x—1)—|n(x+2)+C
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Advanced Higher Integration - Notes Unit 1 Outcome 1.3

INTEGRATION BY PARTS

When two functions f(x) and g(x) are multiplied, in order to DIFFERENTIATE, the PRODUCT RULE
IS used.

In order to integrate when two functions are multiplied, Integration by parts is used.

f(x)=u 9 )=y &
g(x)=v dx dx  dx
uﬂ:i(u.v)—v%
dx dx dx
To integrate by parts q g
u_V:u,V_JV_“ Iuv':uv—ju'v
dx dx

1) Use integration by parts to find Ixcostdx

2) Use integration by parts to find _[xsin3xdx
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Advanced Higher Integration - Notes Unit 1 Outcome 1.3

INTEGRATION BY PARTS

3) Use integration by parts to find J' xe™dx

4) Use integration by parts to find I (2x+1)e2dx

5) Use integration by parts to find J'x3 In xdx
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Advanced Higher Integration - Notes Unit 1 Outcome 1.3

INTEGRATION BY PARTS

1
6) Use integration by parts to find IF In xdx

7) Use integration by parts to find IX(ZX +1)"dx

8) Use integration by parts to find Ix«/Zx—ldx.
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Unit 1 Outcome 1.3I

Advanced Higher Integration - Notes
INTEGRATION BY PARTS
X
i i i dx.
9) Use integration by parts to find I 4

Integrating Inx and inverse trig functions.

Integration by parts can be used to integrate functions which can only be differentiated.

Set up the integral to include the term multiplied by 1.

10) Use integration by parts to find _[In xdx

Worksheet — Integration using Parts 1
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Advanced Higher Integration by Parts 1 Unit 1 Outcome 1.3

1. Use the method of integration by parts to find each of these indefinite integrals.
a) jxcosxdx b) jxsin xdx C) Ixsin 2xdx

d) .[xcos3xdx e) jxsin4xdx f) _[xsin%xdx

2. Use the method of integration by parts to find each of these indefinite integrals.

[ xerdx b) [ xe*dx 0) [xedx
d) jxe‘xdx e) .[xe”dx f) I(X+1)e4xdx
9) j(2x+3)esxdx h) I(l—Bx)e‘zxdx
3. Use the method of integration by parts to find each of these indefinite integrals.
_[xln xdx b) Ixz In xdx c) Ix“ In xdx
1
d) J‘FlnXdX e) j%ln xdx

4. Use the method of integration by parts to find each of these indefinite integrals.
a) Ix(x +1)%dx b) Ix(x—l)“dx c) jx(x +1)°dx
d) [x(2x+1)°dx e) [x@x+1)*dx 0 [@ax+1@x+3)dx

9) j (2x+3)(2x —1)°dx h) j (3x+1)(x +1)%dx

5. Use the method of integration by parts to find each of these indefinite integrals.

a) IXVX+4dx b) IX\/X—3dX c) I\/XX—HdX
d) Ix\/2x+ldx e) I\/X_dx f) .[x«/3x+2dx
9) Ix(2x+1)%dx h) I 2X+5

V3x-1 1

Mrs Leck
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Advanced Higher

Integration by Parts 1

Unit 1 Outcome 1.3

1.

a) Xsinx+cosx+C
1 . 1

d) —Xsin3x+—c0s3x+C
3 9

2.

a) xe*—e*+C b) —xe

d —xe*—-e*+C

1 2
- 2 3 5X__ 5x C
g) 5( x+3) 25e +

3.
a) 1lenx—lx2+C
2 4

d) _Linx-Ltic e) ~
X X 2X

4.

a)%x(x +1) —Zio(x +1P +C

d) Sx(2x+1) — = (2x+1) +C
8 40

f) i(4x+1)(2x+3)5—i(2x+3)6+c
10 30

h) %(3x+1)(x+1)9—%(x+1)10+c

3

a) %x(x+4)2—%(x+4)2+0
4, .o

C)  2xVX+ —§(X+1)2 +C
4 3

g) 2xJX-— —g(x—z)z +C

a) gx(2x+1);1 —1%(2x +1)% +C

b) —xcosx+sinx+C

b) 1xslnx—1x3+C
3 9

b) %x(x—l)5 —%(x—l)6 +C

C)—£xcost+£sin2x+C

1 (1
e)_lxcos4x+isin4x+c f)—2XCOS(—Xj+4SIn[—Xj+C
4 16 2 2

EEFEI ) 1xe3x—%e3X+C

3

1 1 1
g) ——xe - —e™4+C ) =(x+1)e”-—e™+C
) 16 ) 4( )e 16

c)1x5lnx—ix5+c
25

1

Inx——2+C

4x

1
1 5 1 6
E) EX(BX-'—].) —FO(3X+1) +C

9) %(2x+3)(2x—1)6 —8—14(2x—1)7 +C

3 5

b) %x(x—B)z—%(x—S)HC
d) %X(ZX +1)§ —%(ZX +1)2 +C
f) gx(3x+2)z —%5(3x+2)2 +C

h) %(2x+5)\/3x—1—%(3x—1)2 +C

1 6 1 7
c) gx(x+1) —E(X-i—l) +C
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Advanced Higher Integration - Notes Unit 1 Outcome 1.3

INTEGRATION BY PARTS

11) Use integration by parts to find J.sin*l xdx.

12) Use integration by parts to find I tan ™ xdx

13) Use integration by parts twice to find Ixz cos3xdx
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Advanced Higher Integration - Notes Unit 1 Outcome 1.3

INTEGRATION BY PARTS

/2
14) Use integration by parts to evaluate the definitive integral j Xsin2x.dx.
0

1
15) Use integration by parts to evaluate the definitive integral I xe 2*dx, expressing your
answer in terms of e. 0

Worksheet — Integration using Parts 2 Scholar p56 Q19 - 49
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Advanced Higher Integration by Parts 2 Unit 1 Outcome 1.3

1. J.In xdxcan also be found using the method of integration by parts by noting that
[Inxdx= [ (Inx).1dx

Now letu=Inx and % =1, and completethe integration.
X

2.2) Given y = In(L+x? ) find %
X
b) jtan “txdx can be found using the method of integration by parts by noting that
Itan “xdx = I(tan x)1dx

d : .
Now letu =tan™ x and d_y =1, and completethe integration.
X

(you will need to make use of your answer to part a).

3.a) Giveny=xe”, find % inits fully factorisedform.
X

b) Hence use the method of integration by parts to find j %dx.
X+

4. Use successive integration by parts to find each of these indefinite integrals.

a) Ixzexdx b) Ixzsinxdx c) '[xzcosxdx

d) Ixze’xdx e) Ixzezxdx f) Ix2e3xdx

9) Ix2c052xdx h) Ixzsin4xdx i) .[xz(x+1)5dx
D [x*x+1dx k) [x*(2x+1)'dx ) [x*V2x+1dx
m) _[xzcosISxdx n) Ixzsin2xdx

5. Use successive integration by parts to find '[ x*e*dx.

6. Use the method of integration by parts to evaluate each of these definite integrals.

a)j;;xcosxdx b)J'szinxdx c) ngcoszxdx
d)I:XSi”(%XJdX €) .[erxdx f) szesxdx

0) [ xedx hy | x(x+1)'dx i) [ x</x+1dx
Y B

7. Use the method of integration by parts to evaluate each of these definite integrals correct to 3 dp.

2 41
a)I1X3|n xdx b)IlFInxdx
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Advanced Higher

Integration by Parts 2

Unit 1 Outcome 1.3

1. IInxdx=xInx—x+C

ANSWERS

b) J'tan‘1 xdx = xtan™ x—%ln(l+ x*)+C

2. a) y: 2X
dx  1+x°

3.3.) ﬂ: 1)e” b) xe* dX:_Xex
dx (x+2)e J‘(x+1)2 X+1

4, 5
a) x%*—2xe* +2e*+C

b) — x% cosx + 2xsinx+2cosx+C
c) x?sinx+2xcosx—2sinx+C

d —x’e*-2xe*-2e*+C

e) Ler _Lyen Lo
2 2 4

f) L e

3
1
—X

9) >

23671 2 e 4
9 27

2sin2x+%xc032x—%sin2x+c

h) —Ex2 cos4x+lxsin4x—icos4x+c
4 8 32

iy Sye(xrnfo L L (xay
i) - X (x+1) 21x(x+1) +168(x+1) +C

+e*+C

5. jx3exdx = x%e* —3x%e* +6xe* —6e*+C

0) %(1—36_2)

3 5 7
) gxz(x+1)5—Ex(x+1)5+£(x+1)i+c 3
3 15 105 h)4ﬁ
k)ix2(2x+1)5—ix(2x+1)6+i(2x+1)7+c 11
10 60 840 i) 7=
3 5 7
1) 1x2(2x+1)5—Ex(2x+1)5+12(x+1)5+c 1>
3 15 105 i) g2
m)1xzsin3x+gxcos3x—£sin3x+c 3
3 9 27
1 1 . 7.a) 1.835
nN) —=x%Ccos2x+ = xsin2x+~c0s2x+C
2 2 4 b) 0.191
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Advanced Higher Integration - Notes

Unit 1 Outcome 1.3I

INTEGRATION BY PARTS

1
17) Define |, =Jx”e’xdx for n>1.
0

a) Use integration by parts to evaluate I;.
b) Showthat I, =nl_,—e™ for n>2.

16) Use integration by parts twice to find | :Jex cosxdx.

c) Using your answers to part (a) and (b), evaluate 1.
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Advanced Higher Integration - Notes Unit 1 Outcome 1.3

INTEGRATION BY PARTS

1
17) Define I, :J.x"e‘xdx forn>1.
0

a) Use integration by parts to evaluate I;.
b) Showthat I, =nl_,—e™ for n>2.
c) Using your answers to part (a) and (b), evaluate 1.

Continued

Mrs Leck
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