Advanced Higher

Differentiation - Notes

Unit 1 Outcome 1.2

Calculus skills (1.2)

Differentiating functions using the chain rule.

Differentiating functions using the product rule.

Differentiating functions using the quotient rule.

Differentiating inverse trigonometric functions.

Finding the derivative of functions defined implicitly.

Finding the derivative of functions defined parametrically.

Recap

Differentiation is a method to calculate the rate at which a dependent output y changes with respect
to the change in the independent input Xx.

This rate of change is called the derivative of y with respect to x.

The dependence of y upon x means that y is a function of x, denoted y = f(x), where f is the function.

f’(x) is the DERIVED FUNCTION - derivative of f(x).

’(x) represents the rate of change of the function and the gradient of the tangent to the graph.

Function Derived Function
f(x)=x" £1(x) = X"
f(x) =ax’ f'(x)=anx""
f(x)=(x+a)" £1(x) = n(x+a)™*

fF(x)=g(x)+h(x) '(x)=g"(x)+h'(x)

f (x) =sinx f'(x) =cosx

f (X) =cosx f'(x)=-sinx

Examples

eg. f(x)=x°
eg. f(x)=4x°
eg.f (x) = (x+3)*

eg. f(x) =4x® -15x* -8x+1

f'(x) =5x"
f'(x)=12x>
f'(x) =4(x+3)°

f'(x)=12x*> -30x -8
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Advanced Higher

Differentiation - Notes

Unit 1 Outcome 1.2

Chain Rule

f(x) =g(h(x))

') =g'(h(x))xh'(x)

Examples

1) f(x)=(Bx-2)
f'(x)=4(3x-2)’x3
f'(x) =12(3x - 2)°

Differentiate the following:

4) f(x)=(2x-7)

f(x)=(2x-7)
fi(x) =3(2x-7)%(2)
f'(x)=6(2x-7)°

7) f(x)= —j(lix
2
£(x) =
U ve

f(x)=2(1+ x)%

3
2

f'(x)=—(1+X)
f(x) =— 1
1+ x)?

2) f(x)=cos’(2x)

f (x) = (cos(2x))’

f'(x) = 3(cos(2x)) x (- 2sin(2x))

f'(x) = —6sin2xcos’ 2x

5) f(x)=(3x-1)"

f(x)=(3x-1)"

f'(x)=-4Bx-1)">@3)

f'(x)=-12(3x-1)"°
12

F00="15 oy

8) f(x)=cos’(4x)

f (x) =cos? (4x)

f(x)= (cos(4x))2

f '(x) = 2cos4x(—4sin 4x)
f'(x) =—-4(2sin4xcos4x)
sin2A=2sin Acos A

f '(x) = —4sin8x

2

3) f(X)Zm

f(x)=2(1-x)"°
F(x) =—3(20-x)* x-1
f'(x)=6(1-x)"

MOy

6) f(x)=

4
(x+3)

4
(x+3)5
f(x)=4(x+3)"°
f'(x)=-20(x+3)°
20
(x+3)°

f(x)=

f1(x)=-

9) f(x)= cos(xs)

f (x) =cos(x*)
f'(x) = —sin(x*)(3x%)
f'(x) = =3x%sin(x*)
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Advanced Higher Differentiation - Notes Unit 1 Outcome 1.2

Notation (be familiar with the various ways that functions and their derivatives can be expressed.

f(x) > (%)

dy
y _)dx

u—-u'

Differentiation from first principles (introduced in Higher)

Finding the derivative is the same as finding the gradient
of the tangent to the curve at a specific point.

Picking two points on the curve to find the gradient. fla+h)

Points x and x + h. The smaller the gap (h), the more e
precise the approximation is for the gradient. 5 —

. difference iny  flz +h) = flz) flz+h) = f(x)
Gradient = — : = =
difference in x r+h=r1 h

This formula can be used to differentiate any function.

Examples
1) Find f’(x) from first principles where f(x) = 3x. 2) Prove that for f(x) = x2, f’(x) = 2x using first
principles.
_f(x+h)-f(x)
- f'(x)=1im
f'(x)=Lingf(X+hr? f(X) (x) =lim ”
) : h)f —x2
- 1) = lim &) =X
f'(x):LiTW (x)=lim h
- 2 2 2
. . 3x+3h-3x f'(x):limx +2xh+h®—x
f'(x)=lim——— h—0 h
e h(2x+h)
f'(x):Lirrg%zs f'(X)=L@3T=LQ(2x+h)
As htendsto zero
f'(x) =2x
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Advanced Higher Differentiation - Notes Unit 1 Outcome 1.2
Examples
Find the derivative of the following from first principles:
a) f(x) = 3x2 b)fx)= =
f (x) =3x? f(x)zg
X
h)- f
{00 =i f(x+ h) () f( 2 )_2
) o T Xx+h) X
3y f1(x) = lim—2X*N/ X
f(x) =lim 3(x+ ) X -0 h
h= 2x—2x—2h
3x? +6xh+3h2—3x2 x(x +h)
f'(x)=Ilim () = lim—="—~2
(x)=lim ™ f(x) =lim -
3h(2x+h _
00 = lim M2 i (6x-4.3n) 2h
h—0 h h—0 f (X) Ilm X(X+ h)
As h tends to zero B

=lim >
h+0 hx(x+ h) m-0x“+xh
As h tends to zero

f(x)="5

Scholar Page 44 Q4 -6
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Advanced Higher Differentiation - Notes Unit 1 Outcome 1.2

Differentiability at a Point and Over an Interval Scholar Page 45 — 48

A function can be differentiated at a point if there is a TANGENT at that point.

A function CANNOT be differentiated at a point if it is

y y \\_ﬂ
: > X : > X
a a
NOT SMOOTH (corner) DISCONTINUQUS
No tangent No tangent

Over an interval - a function can only be differentiated over an interval [a, b] if tangents exist
at both points a and b.

Examples

1) The function shown has two places where it is not differentiable.
Where and why?

Corners — no tangent.
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Advanced Higher Differentiation - Notes Unit 1 Outcome 1.2

2. f(X)=+x+4 Whatis the largest possible domain for this function?

Cannot have \/: S X+4>0

3. Identify which graphs represent f (X)=~/x+4

Scholar Page 47 Q7 & 8
Differentiability Over an Interval

Closed Interval [a,b]

f(x) can be differentiated over the interval [a, b] only if f’(x) (tangent) exists for a and b.

f(x) =/ f(x) exists for (1, 10)

f’(x) does not exist for x = 0 as the tangent
tends to inifinity.

y
>
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Advanced Higher

Differentiation - Notes

Unit 1 Outcome 1.2

The Second Derivative and Rate of Change

For any displacement of an object (y), the speed over time and the acceleration can be found.

dy
d dx
displacement velocity

change in displacement

d’y
dx?

acceleration

change in velocity

change in time

Displacement (s) \elocity (V)
ds
vV=—
dt

Velocity is the change in distance
over the change in time.

Example 1

change in time

Acceleration (a)
dv
a=—
dt

Acceleration is the change in velocity
over the change in time.

The displacement of a particle s metres from a certain point at time t seconds is given by the

formula
s(t) =8+80t —3t°

a) Find the acceleration of the particle in terms of t.

b) Evaluate the acceleration after 5 seconds.

t=5
a(t)=-18t

s(t) =8+80t —3t°
v(t) =s'(t) =80-9t*
a(t) =s"(t)=-18t

a(t) =-18(5) = -90m/s’
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Advanced Higher Differentiation - Notes Unit 1 Outcome 1.2

Example 2
A particle is moving so that its distance, s metres, from the origin at time t seconds, is given by the
formula s(t) = sin(Gt —%)

where t belongs to the interval [0, 2z ].
a) Calculate the velocity of the particle att = 0.
b) Find an expression for the acceleration.

c) At what time t, belonging to the interval [0, 2xt ] is the acceleration at a maximum first. Give the
answer as a multiple of x.

a)s(t) :sin(Gt—%j b)a(t) = s"(t) = —36sin (Gt—%j

v(t) =s'(t) = 6003(6t—%j
T
t=0,v(0) :6cos€

v(0) =5.196m/s ¢) Maximum occurs when sin(A) =1 or —1.

—36sin (Gt —%) ~36

(et—sz—l sinF -1
6 2

6t—£=3ﬂ
6

=
6t=3—ﬂ+Z
2 6
107
6

10z 5xz
_g_ﬁ

6t =

t sin £6t —%j = period = 6

Repeats every 2% = i—g 360° =27 = 36z

_on 11z 1iz 23z 297 357

~18'18 '18 '18 ' 18 ' 18

Scholar Page 50 Q12 - 15
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Advanced Higher Differentiation - Notes Unit 1 Outcome 1.2
Higher Derivatives
We can continue differentiating the derivative terms.
Ex1. f(x)=4x° Ex2. Y=12x+8x*+3x+6
f(x) =4x° y =12x> +8x" +3x+6
f'(x) =20x" g—y=36x2 +16x+3
f "(x) =80x° d)zy
f "(x) = 240x? o 72x+16
f 'V (x) = 480x 3y
. bl A
£V (x) = 480 X
£(x)=0 4y _,
2 W= e
dx

Discontinuities

Scholar Page 51 Q16 & 17

We have already discussed points which cannot be differentiated eg. corners, discontinuities etc.

Derivatives of a function also can have discontinuities therefore be aware that there can be some

x values for which it cannot be differentiated.

{ f(x)zx%

Continuous

_

Continu

but not differentiable

atx = 0.

ous

X

Y f (x):gxf%
X

Discontinuous
atx=0
(does not meet).

Scholar Page 52 Q18 & 19
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Advanced Higher

Differentiation - Notes

Unit 1 Outcome 1.2

TRIGONOMETRY

_~ = CcOsecx _— = secx = cotx
sinx COSX tan x
sinx
—— = fanx
COSX
sin(A+B) = sinAcosB +cosAsinB
sin?x+cos?x =1
1otan’ x — sec? x cos(A+B) = cosAcosB xsinAsinB
tan AxtanB
2y — 2 tan(A+B) = ———
1+cot? x = cosec?x ( ) 1+ tan An B
sin2x = 2sinXCcosx
. .2 1
C0S2X = €0S? X —sin® x sin® x = E(l—COSZX)
= 2cos’ x—1
_ cos’ X = 1(1+ COS2X)
= 1-2sin’ x 2
0° 300- X [450-Z |600- £ [goo- &
6 4 3 2
1 1
SIN 0 = —= ﬁ 1
2 V2 2
J3 1 1
COSs 1 = - - 0
2 J2 2
TAN 0 : 1 J3 defined
il Undef
\/5 3 ndefine
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Advanced Higher

Differentiation - Notes

Unit 1 Outcome 1.2

PRODUCT RULE

The product rule allows us to differentiate the product of 2 or more functions.

k(x) = 1(x).9(x)

k'(x) = £'(x).9(x) + f(x).9"(x)

y=Uyv

1) y=03x+2)5x-1)

2) y=(x? +1)* +2x+3)

3) y=x°sinx

. du
Uu=—
dx

. dv dy ,
=— — =u'vV+uv
dx dx
d_y:u‘v+uv' u=3x+2 v=5x-1
dX u'=3 v'=5
Y 3(5x-1)+5(3x+2)
dx
d—y:15x—3+15x+10
dx
Y _30x+7
dx
y u=x+1 v=x>+2x+3
ax oW u'=2x V'=2X+2
dy 2 2
—— = 2X( X"+ 2X+3)+(2x+2)(x“ +1
- = 2 )+(2x+2)(x* +1)
d—y:2x3+4x2+6x+2x3+2x+2x2+2
X
d—y:4x3+6x2+8x+2
dx
_ 6 i

dx u'=6x> Vv'=cosx
—y:6x5(sinx)+x6cosx
X
d—y:x5(63inx+xcosx)
dx
Worksheet — Product Rule 1 Scholar Page 55 Q20 - 29
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Advanced Higher Differentiation — Product Rule Unit 1 Outcome 1.2

1. Differentiate with respect to x, expressing each answer in its fully factorised form.

a) Yy=xsinx b) Y=XcCosx c) y=x’sinx d) y=x*cosx
e) y=Xxsin2x f) y=xcos3x g) y=x%sin4x h) y=xcos(x*)
) y=x*sin(x%) j) y=xcos2x k) y=sin2xsinx ) y=x"sin3x
m) Yy =Xx’cos2X n) y=xsin®x 0) Y=Xcos’ X p) y=xsin’x
q) y=x’sin’x r y=2x%cosx s) y=sin2xcos3x ) y=x’sin2x

; 1
2. Given f(x)=xsin(zx) |, find the value of f‘(z}

: d
3. Given Yy=sInXcosx , show that d—§=C052x.

4.a) Differentiate sinxcos2x Wwith respect to X.

b) Hence or otherwise, find % given y=x>sinxcos2x.
X

5. Differentiate with respect to x, expressing each answer in its fully factorised form.

a) y=x(x+1)° b) y=x(x-1)°* c) y=x(x*+1)° d) y=x*(x+1)*
e) y=x(x+2)° ) y=x(2x+1)° 9 y=x(3x-1* h) ¥=x*(2x+3)°
i) y=x(x*+4)° D) y=x3(x+2)* k) ¥=x"(2x-1)° ) y=x"(+1°
m) y =x(2x+3)’ n) y=(H) (-0 0) y=(x+1*(x+2)*  p) y=(x+D*(x-1)°

q) y=X+D)*(x+7)° 1) y=(2x+1*@Bx-1*

6. Given y=(x+3)*(x—3)° , show that %:3(3x+1)(x+3)3(x—3)4.
d

7.a) Given y=x*(x-3)* ,show that d—i=6x(x—1)(x—3)3.

b) Find the coordinates and nature of each of the stationary points on the curve Y =X*(x—3)*

8. Differentiate with respect to x, expressing each answer as a single algebraic fraction in its simplest
form.

a) Y=XVx+1 b) Y=XVXx+4 C) Y=XV2x+3 d) y =X+/3x+1
e) y=xvx*+1 f) y=xVx-1 9) y=xVx°+4 h) y=x*Vx+1
i) y=x*x*+1 )y =x(x+1)? k) y=~/x(x-1)° ) y=vx(x+2)"

Strathaven Academy Mathematics Department Mrs Leck




Advanced Higher

Differentiation — Product Rule

Unit 1 Outcome 1.2

1.

a) XCoSX+sinx

d) x*(4cosx—xsinx)
g) 2x(2xcos4x +sin4x)
J) cos2x—2xsin2x

m) 2X(c0s2X — XSin 2X)
p) sin® x(3xcosx +sinx)
S) 2C0S2xC0s3X —3sin2xsin3x

: i)

4.3) COSXCOS2X—2sinxsin2x

3. Proof

b) cosx—xsinx

€) 2XC0S2X+Sin2x
h) cos(x?) —2x*sin(x?)
k) sin2xcosx+2cos2xsinx 1)
n) sinx(2xcosx+sinx)
g) 2xsinX(xcosx+sinx)

ANSWERS

X(xcosx+2sinx)
€0S3x —3xSin3x

x{3x3 cos(x®) + 23in(x3)}
x*(3xc0s3x + 4sin3x)
0) COsx(Cosx—2xsinx)

r  2x(2cosx—xsinx)

t) 2x(xcos2x+sin2x)

c)
f)

i)

b) X?(XCOSXCOS2X — 2XSin XSin 2x + 3sin X cos2x)

2) (4 +1)(x +1)° b)(5X~1)(x~1)° 0)(7x2 +1)(x* +1)?
d) 2x(3x+1)(x+1)° e)2(3x+1)(x+2)* f) (Bx+1)(2x+1)*
g) A5x-1)(@Bx-1)’ h)2x(7x +3)(2x +3)* i) 8X(X% +1)(x2 +4)>
i) X2 (7x+6)(x+2)° k)2x(5x —1)(2x—1)° ) 2x(7x® +)(x* +1)°

m) (8x+3)(2x+3)

n)2(3x +1)(x +1)(x-1)°

o)(7X+10)(x +1)*(x+2)°

P (7x-D(x+D(x-1)>  Q)(7x+19)(x+1)(x+7)* 1) 4(9x+2)(2x+1)(3x -1)°
6. Proof
7.a) Proof b) min TP (0,0); max TP (1,16); min TP (3,0)
2)' 3X+2 b) 3x+8 0 3(x+1)
2/ X+1 2\ X+4 \2X+3
9X +2 2x% +1 x(5x—4)
9 2+/3x+1 ? 2 +1 " 2vx -1
" 2(x* +2) h) x*(7x + 6) i X(3x% +2)
X*+4 2Vx+1 Jx2 41
J) (7X+1)(X+1)2 k) (5)(—]_)()(—1) |) (9X+2)(X+ 2)3
2/x 2/x 2/x
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Advanced Higher

Differentiation - Notes

Unit 1 Outcome 1.2

QUOTIENT RULE

The quotient rule allows us to differentiate algebraic fractions.

k(x) =)

k'(x) =

()9 - f(x).9'(x)

(9(x)f

x}+5

2 -~
)y 4x% -3

_dv

~dx

dy u'v-uv
dx v

dy u'v-uv'

ax V2

dy 3(5x-1)-5(3x+2)
dx  (5x-1)

dy 15x-3-15x-10
dx (5x-1)°

dy  -13

dx  (5x-1)°

dy _u'v-uv'
dx V2
dy _ 3x°(4x° —3)-12x*(x’ +5)

u=
u'=3

dx (4x° -3)°

dy _12x° -9x® -12x° —60x*
dx (4x°-3)°

dy ~ —69x’

dx  (4x3-3)°

dy u'v-uv'

dx V2

dy 8x(1-x)"+8x*(1-x)
ax (L—x)"

dy 8x(1-x)(1-x+x)

dx (1—x)*

dy 8x(1-x)

dx (1-x)*

dy  8x

dx  (1-x)?

Worksheet — Quotient Rule 1

3X+2 v=5x-1

v'=5

v=4x’-3
v'=12x?

u=x+5

u'=3x?

v=(1- x)2
v'=-2(1-x)

u=4x?
8x

Scholar Page 58 Q30 - 36
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Advanced Higher

Differentiation — Quotient Rule

Unit 1 Outcome 1.2

1. Differentiate with respect to x, expressing each answer in its fully factorised form.

a) S

y X+4
X2

e =

)y X+3

) x*

i =

) y X+1
sin X

m)y=——-
X
sin X

q) y= 2
1+sinx

uy y=
1+cosx

X+1
2. Given f(X)=——
X +2

3. Differentiate with respect to x, expressing each answer in its simplest form.

X

VY=

4. Differentiate with respect to x, expressing each answer in its simplest form.

X
a =
) Y VXx+1
d) y: -
X°+1

3X

b =
)y X+2
x? -1
N y_x2+1
2
. X
D y=
y x3+1
X
N y=——
COSX
4
COSX
sin X
V) YyEo——————
sin X +cosx

_ find the value of f'(0).

X

) Y Gy

X
b) y= —
X
e) y=
y V2x+1

0 y__x+l
2x+1

2

X

9 y:4—x
4

k) y=—2
Y=

X2

0) y=—
sinx
sin2x

s) y=—

X
W) y_x3—l
x> +1

_(x+1)?
C(x+2)°

2

X
C) =
y VX +1
2
) y=_2

VX341

d)

h)

p)

y

= X
x?+1

_(2x+1)?
(3x+1)?
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Advanced Higher

Differentiation — Quotient Rule

Unit 1 Outcome 1.2

ANSWERS
1.
a) 4 b 0 0 -1 g d=xd+x)
(x+4)* (x+2)? (2x +1)* (x* +1)?
¢) X(x+6) f) 4x 9) X(8—x) h) 7
(x+3)? (x* +1)° (4-x)° (3x+2)*
) X'(3x+4) ) x(2-x) k) 2X°(x*+2) ) 2x(x—4)
(x+1)° (x* +1)? (x* +1)° (x-2)?
o . —— 2 iy
m) xcosx2 sin X n) cosx+2xsmx 0) x(23|n?< 2xcosx) p) X (3sm_x X COSX)
X COS” X sin® x sin® x
Q) XCOSX —2sin X ) x*(4CosX + xsinx) 5) 2(XC€0s2x —sin 2x) 1) 1
x* cos’ X X3 cos? X
. 2 —
) 1+cosx+5|2nx v 1 : W) 6X : X) 2X(x 421)
(1+cosx) (sinx+cosx) (x}+1) (x=2)
1
2. f'(0)==
(0) 5
3.
1-x b 2(1-x) (x+1)(@-x) d _2(2x+Y)
) k1) ) x+2) ) T x+2) ) T Bx11)
4,
X+2 X—4 X(3x+4)
D e " 2% K 4
2(x+1)"? 2(x—2)"? 2(x+1)"?
0 1 x+1 X(x° +4)
(x? +1)% (2x+1)% 2(x° +1)%
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Unit 1 Outcome 1.2

Differentiation - Notes

Advanced Higher

NEW TRIGONOMETRY

1) SECANT (Sec)

1

Cosine

Sec x

COSX

Secant

o~
JIN
.............. Rl
— o —
£
(V)]
Coun)
3)
D
(7]
o
(@)
~ =<
= | c
prd &
<
@) 1
w =
%) o
g |
© O
)
~N

Cosec

Mrs Leck
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Advanced Higher Differentiation - Notes Unit 1 Outcome 1.2

NEW TRIGONOMETRY
1) COTANGENT (Cot) i i i i
Tangent 1 ! : : :
Cotx = _L_ 0 :
tan x G S =
2, | 2, |
1 | | i i
Cotangent
0 Z i 5 i
z V- 3_7[} 27
2, | 2, |
1 | | i i
Examples
1) cosec — 2) sec — 3) cot2 X
3 4
= 1/ 1 1
sin” = Ry
3 005”4 tan /
= . 1 1
\/54 27 = 2
2 ﬁ 8
_ﬁ :\/_E i
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Advanced Higher

Differentiation - Notes

Unit 1 Outcome 1.2

Derivative of Tan x

y = tan x y = sinx u=sinx  u'=cosx
COSX V=C0SX  V'=-sinx
dy _u'v-uv
dx V2
dy _cosx.cosx—sinx(-sinx) _ cos’ x+sin’x cos? X +sin?x =1
dx (cosx)’ cos’ x
d
_y: 2 :SECZX Lzsecx d 5
dx  cos’x cosX —(tan x) = sec® x
dx
Derivative of Cosec x Derivative of Sec x
=1 '—sin 1 u=1 u'=cos X
y = COSecx y:_i U =sinx y =Secx y=—-— . .
sinx v=0 V'=COS X COS X v=0 V'=—sinx
dy u'v—-uv’ dy _u'v-uv'
dx 2 dx V2 _
dy _0(sinx)—cosx  —cosX dy _ 0(cos X)—(-sinx) __ sinx
dx  (sinx)(sinx) (sinx)(sinx) dx  (cosx)(cosx)  (cosx)(cosx)
dy (-1 )(cosx g:( 1 j(sinxj
dx \sinx J\ sinx dx \cosx /\ cosx
dy dy

— = —Cc0osecx.cot X
dx

a4 (cosecx) = —cosecx.cot X

—~ =sec x.tan x
dx

4 (secx) =secx.tan x

dx dx
Derivative of Cot x .
y = cotx y=—— U =COS X u'=sinx
tan x ] .
v=-sinXx  Vv'=cosX
dy _u'v-uv'
dx V2

dy —sinx(sinx)—-cosx(cosx) —(Sin2 X +cos” x)

dx (sin x)(sin x) (sinx)’
dy__ 1 _ [Lj

dx (sin x)2 ~ (sinx

Y coseci

dx

i(cot X) = —cosec’x
dx

Worksheet — Differentiation of Trig Functions
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Advanced Higher Differentiation — Trig Functions Unit 1 Outcome 1.2

1. Use the chain rule to differentiate each function with respect to x:

a) y=sin2x b) y=cos4x c) y=tan2x d) y=sec3x

e) Y =-cosecsx f) y=cot2x g) y=sin(x?) h) y=cos(l-2x)
i) y=tan4x j) y=sec(2x+3) k) Y =cosecax [) y=cot3x

m) y=sin®x n) y=cos’x 0) y=tan®x p) y=sec’x

q) y=cosec’x r) y=cot’x s) y=sin®3x t) y=cos’4x

u) y=tan®2x v) y=sec’2x W) Yy =cosec’3x X) Y =cot®5x

y) y=tan®4x z) y=sec®3x

2. Use the product rule to differentiate each function with respect to x and simplify where possible.

a) y=xtanx b) y=x’secx C) y=x’cotx
d) Y=secxtanx e) y=x*tan2x f) y=x%cosec2x
g) y=Xxsecdx h) y=xtan®x i) y=x"sec’x

3. Use the quotient rule to differentiate each function with respect to x and simplify where possible.

yo X o y= y = Secx

2 tan x ) cotx c) —x
X y=_ % _ tan2x

9 y= secx ) cosecx X2

| T
4. Given f(x)=sinxsecx ,show that f(gj:4.

[You can either use the product rule to differentiate f(x) in the form above or you can simplify f(x)
before differentiating.]
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Advanced Higher Differentiation — Trig Functions  Unit 1 Outcome 1.2

ANSWERS

1.
a) 2C0S2X b)—4sin4x C) 2sec®2x d) 3sec3xtan3x
€) —5cosedxcotsx  T) —2cosec®2x 9) 2xcos(x?) h) 2sin(l—2x)
i) 4sec®4x J) 2sec(2x+3)tan(2x +3) k) —acosecaxcotax [) —3cosec3x
m) 3sin® xcosx n)—5cos’ xsinx 0) 2sec’ xtanx p) 4sec’ xtan x
d) —2cosec®xcotx r) —3cot? xcosec’x S) 6sin3xcos3x t) —12cos’4xsin4x
u) 6tan’2xsec’ 2x v)4sec’ 2xtan 2x w) —6cosec?3xcot3x  x) —10cosec’5xcot5x
y) 8sec’ 4xtan4x z)18sec® 3x tan 3x
2.
a) Xsec?+ tan x b) xsecx(xtanx+2) c) X(2cotx — xcosec’x)
d) secx(sec’ x+tan”x) e) 2x(xsec? 2x+tan 2x) f) x’cosec2x(3—2xcot2x)
g) 2xsec4x(2xtan4x+1) h) tan X(2xsec” x + tan X) i) 2xsec” x(xtan x +1)
3' 2
a) fanx—xsec’x by COtx+ Xcosec’x o S€€ x(xtan x-1)

tan® x cot® x X

2

d) X(2 — xtan x) e) 1+ XcotXx f) 2(xsec 2);— tan 2x)

SecX cosecx X
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Advanced Higher Differentiation - Notes

Unit 1 Outcome 1.2

Derivative of exp (x) or e*

In mathematics, the exponential function is the function eX,
where e is the number (approximately 2.718281828).

The graph of y = eX is upward-sloping, and increases faster as x increases.
The graph always lies above the x-axis but can get arbitrarily close to it
for negative x; thus, the x-axis is a horizontal asymptote.

.".
!

-E
sF /
s

!
a2r 'J_.ff
£ ,
@ e)/

’/'
e
P

(3
The slope of the graph at each point is equal to its EaE— ;
y coordinate at that point.
The inverse function is the natural logarithm In(x);
X X
f(x)=¢e f'(x)=¢
Examples
Find the derivative of the following:
3Xx X _ 2
a) y=e b) y=xe u=Xx ) y=3e* +4e
3x U= 3X
y=e y = xe* y=¢
dy y e dy o g
-2 =3 oy VIR 2 =3e" +4e
x . u'v+uv' v'=e dx
Y _ et xe* d—y=3(2x)e2 —2(4)e™>
dx dx
dy _ o Y _ gy _ge?
o e (1+x) ™
d _ A2X 2 _ 2% XZ 2
) y=e""cos2x u=e e)y:eZX u=x
u'=2e* ) u'=2x
y=xe’ V = C0S 2X z—xe' ' V= e
dy _ - '=-2sin2 &y _uv-w ' 9p?
&_u V+uv v Inzx dx V2 v'=2e
dy 2xe* —2x%*
d—y:Ze2X CoS 2X — 2e** sin 2x _y:—2
dx dx (ezx)
3—y:2ezx(c052x—sin 2x) dy 2xe*(1-x)
X et A Y
dx (e2x )2
dy 2x(1-x)
dx X

Scholar Page 61 Q43 - 51
Worksheet — Differentiation of Exp Functions
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Advanced Higher

Differentiation — Exp. Functions

Unit 1 Outcome 1.2

1. Use the chain rule to differentiate each function with respect to x.

a) y=e"
e) y=e”
i) y=4e

2x%+1

m) y=¢©

b) y=e*
f) y=e"
j) y=2e"

n) y=4e*+3e™

sinx

c)y=e
1y

g) y =8e?

k) y= e—sz

o) y= 3 —5e

d) y=2e¥*

Cos X

hyy=e

sin2x

) y=e

p) y=e*

2. Use the product rule to differentiate each function with respect to x and simplify.

a) y=xe*

e) y=e"sinx

i) y=xe’

m)y = (2x—1)e*

b) y=e”sinx
f) y — XZe4X

) y=xie™

c) y=x%"
g) y=2x%"

k) y=e*sin4x

d) ¥ =xe”
h) y=e”*cos2x

I) y — X3e3x

3. Use the quotient rule to differentiate each function with respect to x and simplify.

X

e
a) Y—?
eX
i x?
) y=—
e
X(X+2
m) Y = (ex )

2X

e
b =
)Y .
sin x
f) y= o
e2><
) y=
COSX

X
) y=—
e
eX
g) yZ?
X2

e
)y_x+1
) y="2

sin x

e —1
I =
)y e 41
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Advanced Higher

Differentiation — Exp. Functions

Unit 1 Outcome 1.2

1.
a) 4e*

e) —2e
i) —12e*

2
m) 4xe”

2.
a) (x+21e*

e) e *(cosx—2sinx)
i) (2x2 +2)e*

m) 4xe*

3.
a)

(x—1)e”
X2

2(x—1)e**

3

e)

X(2-X)

ANSWERS
b) 2xe* c) cosxe™
1
f) 3x%* g) 4e?
j) —2e k) —6xe

n) 8e* —12e**

b) e*(cosx+sinx)
f) 2x(2x+1)e*

i) 2x(@-x)e™

2x —1)e?*
b)( 2)
X

COSX—SinXx

eX

e**(2cosx +sinx)

)

cos? X

0) 6xe +10e™

c) x*(x+3)e*

g) 2x*(2x+3)e™

d) 6e3x

h) —sinxe®”
[) 2cos2xe™"*

e¥x

P) T

d) (2x+1)e*

h) e*(cos2x—2sin2x)

k) 2e**(2cos4x+sindx) ) 3x*(x+1)e*

n (x- ?)eX

X

X(2—-3x)

3x

K)

X

Xe
d) (x+1)?
e*(sinx—cosx
py Ssinx—cosx)
sin® x
4e*
I) (e** +1)°
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Advanced Higher

Differentiation - Notes

Unit 1 Outcome 1.2

Derivative of In(x)

The natural logarithm of a number x (written as In(x))
is the power to which e would have to be raised to equal x.

The natural logarithm function, is the inverse function of the

exponential function

f(xX)=Inx

f'(x)=§

Rules of Logs:

Examples

log, xy =log, x+log, y

X
Ioga(_j = Ioga X— Ioga y
y

n
log, x" =nlog,

Find the derivative of the following:

a) y=In(3x-1)
1
|: 3
y 3X_1()
y'= 3
3x-1

o) f(x)=In(e™ +1)
1
e +1
B 262X

e 41

y'= (2¢™)

b) y=In(4x*+1)

1
'= 8x
y 4x2+1( )
y= 8X
4x% +1

d) y=1In(cos4x)

y'= (—4sin4x)
cos4x
. 4sin4x
~ cos4x
y'=—-4tan4x

$rll g p————————
“y

| " '
{ |
A

Strathaven Academy Mathematics Department
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Advanced Higher Differentiation - Notes Unit 1 Outcome 1.2
Derivative of In(x)
In x =1
) y=xIlx  u=x’ Y= : :X
y'=u'v+uv' u'=3x? U u':;
3 v=Inx - 2
y':3x2Inx+X— . 2V v = 2
X '— € g 2 ] 2X
= — _ X :2
y'=3x"In x+ x* X " 2¢7Inx  vi=2e
y _7
y'=x*(3Inx+1) (e X)
e?* —2xe? In x
- X
y =
(e")
., e”(1-2xInx)
Y=
X(eZX)
. 1-2xInx
Xe2x

g) y=In(x%>)

y=Inx*+Ine*

y=4Inx+2x
y':£+2
X

i) y=Inv2x®+1
1
y=1In(2x*+1)2

y =%In(2x3 +1)

1 1
I 6X2
y 2( )2x3+1
y'e 3x?
2x3 +1

X
) yzln(2x+1j

y=Inx—In(2x+1)
12

X 2x+1
. 2X+1-2X
- X(2x+1)
. 1

V= X(2x+1)

Scholar Page 63 Q52 - 61
Worksheet — Differentiation of Log Functions
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Advanced Higher Differentiation — Log Functions Unit 1 Outcome 1.2

1. Use the chain rule to differentiate each function with respect to x and simplify where possible.

a) Yy=In(2x+1) b) ¥y =In(4x+1) ¢) y=In(x*+1) d) y=In(x-1)

e) y=In(x*+1) f) y = In(cosx) 9) y=In2x*+1) h) ¥ =In(1—2x)

i) y=In(sinx) j) Y=In@Bx+2) k) y=In2x*+1) ) y=In(cos2x)

m) y =In(e* +1) n) y =In(Inx) 0) y=In(secx) p) y=In(secx+tan x)
q) y=(Inx)? r) y = In(sin4x)

2. Use the product rule or quotient rule to differentiate each function with respect to x and simplify.

a) y=xlInx b) y=e*Inx c) y=x%Inx d) y=|nTX
) V=i N y=y ) y=X h) y=inx
In x e~ g y_m y NE
) y=x"Inx j) y=e*Inx K) y=-1
Inx

3. Using the laws of logarithms first, differentiate each function with respect to x and simplify where
possible.

a) y=In(x’e") b) y=In+/2x+1 c) y:In[Lj d) Y=In(x’*)

X+1

e) y=Invx®+1 f) y=|n( X j g) y=In(xcosx) h) y=Invx*+1

2X+1
) e
)] yzln( x“j

-1
4.3) Given y=|n[x—j , show that ﬂ: 2 .
X+1 dx x*-1
: =In X= ﬂ—i
b) Given y= il , show that dx  Ax’—1

5. By taking the natural log of both sides, differentiate the following with respect to x.

a) y=2" b) y=10" ) y=4
6. Differentiate the following with respect to x using the following method: y =log,, X
10¥ =x
In(L0”) =1Inx
a) y=Ilog,x b) y=Ilog,x c) y=log;x
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Advanced Higher

Differentiation — Log Functions

Unit 1 Outcome 1.2

52
2X+1

2
h)_1—2x

0) tanx

2.
a) 1+Inx

1-xInx
xe*

3.
a) g+1
X

2(x+1)
X(2x +1)

4.a) Proofs
b) Proofs

5.8) 2*xIn2

6.a
) xIn2

ANSWERS
4 2X 1 4x
= —t =T
b) 4x+1 2 x* +1 9 x—1 h-tanx 9 2x% +1
) cotx ) o o WS pamax m) S ot
Va2 2x* +1 e +1 xInx
p) secx q) ZIQX ) 4cot4x
e*(L+xInx) 1-Inx Inx-1
b)f c) X(1+2Inx) d) 7 e) (%)’
9) X(2|I‘IX2—1) h) 1—3Jnx i) x*(L+41nx) j)ezx(1+2xlnx) k) e“(xInx-1)
(Inx) X X x(Inx)?
1 1 “
b C d —+2 e
) 2x+1 )x(x+1) ) ) X2 +1
3
9) l—tanx h) 3)( i) 2_ﬂ
X X" +1 X
b) 10" xIn10 c) 2x4” xIn4
1 1
xIn3 xIn5
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Advanced Higher Differentiation - Notes Unit 1 Outcome 1.2

Stationary Points and Points of Inflection

The second derivative is used to investigate the nature of stationary points on the curve y = f(x)

2
d’y >0  atstationary points= Minimum Turning Point
dx?
d’y : : . . .
—-<0 atstationary points= Maximum Turning Point
dx?
d’y
e 0 gives NO INFORMATIO N

X

If the second derivative cannot be easily found, use a nature table.
Ex1. Determine the coordinate and nature of the stationary points on the curve of y =2x®—-3x*-12x

y =2x° —3x* —12x

d—y:6x2—6x—12
dx
d—y:6(x2—x—2)
dx
SP when d—y:O
dx
x> —x—-2=0
(x=2)(x+1) =0
Xx=2,x=-1
d’y
Sub values into y = 2x* —3x? —12x Nature - O
d’y
X=2,y=-20 (2,-20) o o6
d’y -
X=-1y=7 (-17) x:Z,W:24—6:18 >0, Minimum
d’y .
x=—1,W:—12—6=—18 <0, Maximum

Maximum at (—-1,7)
Minimum at (2,-20)
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Advanced Higher Differentiation - Notes

Unit 1 Outcome 1.2

Point of Inflection

Max TP

Point of Inflection

d
To find the Stationary Point — find x values such that : d_i =0

Get co-ordinate - use the x values to find the y value .
2

To find the nature of the points, substitute x values into j Z
X

and

Ex.1
Find the coordinates of the points of inflection on the curve

y = x°—3x* +3x°

dx

-\

Nature
d—y:6x5—12x2+6x d’y
dx d—2:30x4—36x2+6
X
dy 4 2
= —6x(x —2x% +1 2
ax =X -2 ) x=0 9Y_6 50
dy dx
SP occurs when = =0 dzy
dx x=-1 - 3=0 POI?
6x(x?-1)(x*-1)=0 X
( )( ) d2 )
x=0 x=-1 x=1 x=1 WZO POI *
21 ol 1 o2
2 2
ﬂ—6 5_12x*+6
=0X X*+oX 1108 0 -169 0 169 O 1.08

\ /

d?y

><0 MAXIMUM T.P.
dx
d2

Y->0 MINIMUM T.P.

2

dx
d2

; Y_0 NATURE TABLE
X
TO DETERMINE POI

y = x° —3x* +3x°
x=-1 y=1-3+3=1
x=1 y=1-3+3=1

Points of Inflection

(-1,1) (1,1)

Page 20
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Advanced Higher

Differentiation - Notes

Unit 1 Outcome 1.2

Point of Inflection

Ex2. Show that there are no points of inflection on the curve y = X__?’

_x-3

T x+2

dy u'v-uv'
ax V2

dy x+2-(x-3)
ax  (x+2)°
dy 5

X (x+2)?

2
d—2/:—10(x+2)’3:— 10 -
dx (x+2)

Points of Inflection occur when

(x+2)°

~10=0(x+2)’

X+2

2

dx

dy0

2

—10=0 this is not possible therefore there is NO point of inflection.

Scholar Page 51 Q16 - 17
Worksheet — Higher Derivatives
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Advanced Higher

Differentiation — Higher Derivatives

Unit 1 Outcome 1.2

1.
a)
e)
h)

K)

2.

d x
10. Given  y=xe* show that d_i = (x+1)e"and obtain similar expressions for

11. Given

2

d°y

Find the second derivative > in each case.
X
y=x* b) y=2x° c) y=4x? d) y=3x°
y =sinx f) y=e* 9) y=3x"+2x°+4x* +5x+1
y =X —2x* +6x+4 i) y=sin2x i) y=(x+1°
y=(2x+1)° ) y=(3x-1°* m) y = 3e* +4e ™ n) y =4cos2x
3
y=3x*-6x+4 p) y=(4x+1)? q y=+v2x-1 rn y=Inx
y =In(cosx)
2
Given Yy =(x*+1)*, show that d ¥=8(7x2+1)(x2+1)2.
X
2
Given Yy =¢€"sinx, show that %:Zexcosx.
X
; 2 dzy
Given Y =sin(x"), show that v = 2[cos(x*) — 2x? sin(x?)].
X
2
Given Y=x’InXx , show that %=3+2Inx.
X
2
Given y=e* |, show that d 3:2(2x2+1)exz.
X
. 2
Given Y =XsSINX 'show that d Z:ZCosx—xsinx.
X
X 2
Given Y=__——1 , show that d 2/:— 4 5
2x+1 dx (2x+1)
2 3
Given y=e¥™ ,where ais a constant, find expressions for ﬂz gand%.
X dx X

Conjecture an expression for the nt derivative

Conjecture an expression for the nt" derivative

y = x’¢* , show that

d"y

Nt

d"y

nt

2
3 zz(x2+4x+2)ex.
X

2 3
d 2/ and d—Z
dx dx
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Advanced Higher Differentiation — Higher Derivatives

Unit 1 Outcome 1.2

ANSWERS
1.
a) 12x b) 60x* c) 8 d) 60x° e) —sinx f) 9e*
g) 36x* +12x+8 h) 6x—4 i) —4sin2x  j) 20(x+1)° k) 120(2x+1)*

[) 108(3x-1)? m) 12e>* +16e > n) —16cos2x 0) 18x

D) ——= Q) -—— n-L 9 s
Jax+1 @x-1 < B
2 3 n
9 ﬂ aeax’ d y — azeax’ d y — aSeax1 d y — aneax
dx dx? dx® dx"
2y °y "y
10 > =(x+2)e", —5=(x+3)e", —=(x+n)e",
X
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Advanced Higher

Differentiation - Notes

Unit 1 Outcome 1.2

Curve Sketching on a Closed Interval

y

\

[
Io»—\

N Jw A 0 N o ©

(7, 6)

>

1 62
(-5, -5) =
« Stationary Points or
Q62 - Scholar « End Points
y
n—P (8, 10)
o @)
7 6 8 4 o4 o2 4, 1oz 3 5 1%
2 (4,0 (6, 0)
5] (5,-4)

0<x<4

a)0<x<8

b)0<x<4

€)2<x<6

Max of 6
Min of -5

Max of —2
Min of —2

Max of 3
Min of -2

The Maximum and Minimum values can occur at either

Max of 10
Min of —4

Max of 7
Min of O

Max of 7
Min of 4

Scholar Page65 Q63 - 71
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Advanced Higher

Differentiation - Notes

Unit 1 Outcome 1.2

Differentiation of Inverse Functions

Unit 1 Outcome 4 covered finding the inverse of a function, which graphically is the reflection

of the function under the line y = x.

The inverse of y=f(x) becomes f*(y)=x. Ifthe functionisy = f (x) the inverseisx = f (y).

To differentiate an inverse function,

ﬂ 1
©dx
dx Ay

Example: Given f(x) = x3 find /’(x) and state the derivative of f1( x).

f(x)=x° - y=x
) =1f(y) > x=Yy°
f=(x)= - y:x%
f'(y) =3y’
d 1 1
— i (X) ===
dx () f'(y) 3y’
y=x"
d 1 1
—f1(x)= =
dx ( ) 3(X%)2 3X%
Examples
1) f(x)=x
f(x)=y=x°
f(y)=x=y°
y:x% Method 2
x=y°
_h dy
Y= dy 1
dy 1.y b A S
— ==X dx
dx 5 o dy oy
7 d_y: 1

Lety = f *(x) and therefore x = f (y)

Find f'(y) = d%y by differentiating with respect to y.

Use the formula

Substitute y (see previous f *(x) wherey =...).

dy 1

dx  dx

dy

Quick method:

f2(x)= f(y) — y:x%
d oy lyn_ 1
de (X)_3X _3X%

2) f(x)=x*+1x>1

% :l(x_l)_%
dx 2

y_ 1

dx 2x-1

Scholar p6 Q5-8
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Advanced Higher

Differentiation - Notes Unit 1 Outcome 1.2

Differentiation of Inverse Trigonometric Functions

f (x)=sinx
ft (x) =sin'x Also known as arcsin.
eg sinzzl, therefore sin™ 1.z

6 2 2 6

To Differentiate an Inverse Trig function (PROOF):

y=sin"x where —1<x<1.

siny =sin(sin ™" x)

siny =X

X=siny

Eli-—cosy

dy

dy 1 1
“dx/  cosy

dx dy cosy

siny+cos’y=1
cos’ y =1-sin’y
cosy =+/1-sin’y

cosy =+1-x*

d_y_ 1
dx 1-x?

f (x)=sinx f(x)=sin"x
f (x)=cosx f~(x)=cos™x
f(x)=tanx f7(x)=tan™ x

Find sin of both sides to eliminate sin.

Differentiate x = sin y with respect to y.

Replace cos y in terms of x.

Replace siny = x

Substitute into derivative.

f(x) f'(x)
sin~! x !
1-x?
cos ' x 4
1—x?
tan™ x 1 .
1+ X

Strathaven Academy Mathematics Department
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Advanced Higher

Differentiation - Notes

Unit 1 Outcome 1.2

Examples of Differentiating Inverse Trig Functions

1) y=sin™(3x) (Use Chain Rule)
Y ——0
dx  J1-(3x)’
dy 3
dx \1-9x

3) y=cos™(1-2x)

Yo ()
dx  J1-(1-2x)’
dy 2

dx_\/l—(l—4x+4x2)
@y 2

dx  ax—ax?

@y 2

X ayx-x*

dy 1

dX  x—x?

2) y=tan™(x)

dy 1
— = 2X
dy  2x
dx  1+x*

4) y= tan’l(\/4x—1), X >%

u=

d_u
dx
du

dx

dy
dx

dy
dx

dy
dx

dy

dx

(4x-1)"
=3 (-7 (4)
2

Jax-1

_ 1 [ 2
Lo (Vax—1) (Vax-1

2

(L+4x-1)Ax-1

2

Axax—1

1

 2xax—1

J
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Advanced Higher Differentiation - Notes

Unit 1 Outcome 1.2

Examples of Differentiating Inverse Trig Functions

(X
5) y=sin 1(§j u:%x 6) y=xsin"x
du_1
dx 3 u=x* u'=2x
v=sin?x v'=s !
dy_ 1 (1) 1-x?
dx 1_()(]2 3
3 —y:u‘v+uv'
dy 1 dx
- 2
dx 3 _Xi Y oxsintx+
9 dx 1-x°
ﬂ 1
dx 2
N) _x
9
ﬂ_ 1
dx  9-x
7) y=+1-x*cos?x
u:(l—xz)}/2 u':%(l—xz)%(—Zx) U'=——> - f(x) f'(x)
1-x
1
vV =C0s" X v'i=—
1-x° sinl(iJ _
a /aZ_XZ
ﬂ=u'v+uv'
dx
dy X ) N cos‘l(ij 1
—=— COS ™ X|)-— 1-x
dx \/1—x2( ) 1—x2( ) a JaZ —x?
ﬂ__xcos’lx_1
dx 1-x* X a
-1
tan H a_
a a +X

Worksheet: Differentiation of Inverse Trig 1

Scholar p8 Q11 - 22
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Advanced Higher

Differentiation of Inverse Trig 1

Unit 1 Outcome 1.2

d .
—(sin™x) =
dx( )

1-x?

d .
—(cos™x) =
dx( )

da
dx

1-x?

(tan™ x) =

1
1+

X2

1. Use the chain rule to differentiate each function with respect to x and simplify where possible.

a) Yy =sin"(2x)

e) y=tan*(x°)

i) y=tan ‘1(\&)

b) y=cos*(3x)
f) y=cos™(6x)
j) y=tan"(e")

n) y=cos(2x-1)

c) y=tan"(4x)
g) Y=tan"(x+2)
k) y=sin""(x-1)

0) y=sin"(e*)

d) y=sin?(x?)
h) y=sin ‘1(ﬁ)
l) y=tan"(2x+1)

p) y=tan"(e™)

m)y=tan’1( x—1)

—sin?Y X —sinl(lj
q) Y=s (Ej N y= <
dy

2. Given y =sin™(sinx), show that 5
X

s) y= tan‘l(\/Zx —1)

t) y=sin"(cosx)

=1 and explain this answer.

3.9) Showthati(x_ljz 2 =
dx\x+1) (x+1)
b) Hence,given y:tan—l(x__lj, show that ﬂ_ 21 _
X+1 X X +1
4.2) Show thati(e—jz(x_?e .
dx{ x X
b) Hence,given y:tanl(e_} showthat &Y — (Xz—l)fX |
X dx Xx“+e
5.a) Show thati(ln_szl_lznx_
dx{ x X
b) Hence,given y:tanl[ln—xj, show that ﬂ:—zl—lnx -
X dx x°+(Inx)

6. Use the product rule to differentiate each function with respect to x.

Q) y=xsin"x
d) y=x’sin"x

g) y=Inxtan™"x

b) y=xtan"x
e) y:(1+x2)tan‘1x

h) y=e”sin"x

C) y=x’cos"x

f) y=e‘cos™'x

i) y=+v1-x°sin"x
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Advanced Higher  Differentiation of Inverse Trig 1 Unit 1 Outcome 1.2

ANSWERS
1.
2 3 4 2X
a) b) - ) — d)
1-4x? V1-9x? 1+16x° 1-x*
3X2 6 1 1
¢ o> S h ———
) T ) L 30. 9 ¥ iax+5 ) 2x— x?
1 e’ 1 1
. K I
) 2./ XL+ x) ) 1+e* ) 2X — X2 ) 2x% +2x+1
l 1 ex ZGZX
m n) — 0
) 2X/x -1 ) X— X’ ) 1-e* & 1+e¥
1 1 1
N - S t) -1
9 4_x2 ) Xy X2 -1 ) 2x+/2x —1 )
2.y:9n4@mx):x,sogzzl
dx
3 X X 2
a) ————+sin'x b) ~+tan™ X 0) 2xcos™ x——=
V1-x? I+x 1-x?

3 X

d) +3x%sin™ x e) 1+2xtantx f) e*cost x—
1-x° 1-x*
-1 2X -
9) Inx tan—x h) e + 262 sin x ) 1_xsn1 X
1+ x? X 1-—x? 1—x2
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Advanced Higher Differentiation - Notes Unit 1 Outcome 1.2

Implicit Differentiation

An equation expressed as y = 3x + 2, y is expressed explicitly as a function of x.

The equation x? + y? = 1, defines y implicitly in terms of x.

By rearranging this equation, ¥°=1-x* therefore y= i«/(l— Xz)-

This gives two explicit functions of x and is called a multiple valued function.

It is not always easy to rearrange an equation, expressing y explicitly in order to differentiate.

It is possible to differentiate an implicit equation.

d d
When differentiating y? with respect to x, the chain rule must be used. &(yz) = ZY-d—i
Examples (all with respect to x) :
) . o d dy . . .d . dy
1) Differentiate y3: —(y*)=3y?.-2 2) Differentiate siny: —(siny)=cosy.—=~
) o (V) =3y ) y: - (siny)=cosy.—>
3) Differentiate eV: i(ey)zey.ﬂ 4) Differentiate Iny: i(my):l.ﬂ
dx dx d y dx
5) Differentiate xy: OIi(xy):u‘v+uv' u=x u'=1 MUST USE PRODUCT RULE.
X y x and y are separate functions.
V= '=1.—
yy dx
d dy
—(xy)=1y+x—
dx( v)=1y dx
d dy
—(xy)=y+x—
dx( v)=y dx
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Advanced Higher

Differentiation - Notes Unit 1 Outcome 1.2

Implicit Differentiation - Examples

1) The equation x*+y® =4 defines y implicitly in terms of x. Find an expression for

d
4 in terms of

xandy. dx
X*+y> =4 Differentiate both sides
with respect to x.
2x+2yﬂ:0 yﬂ——x b
dx dx
X+ yd—y =0 dy__x
dx dx y

2) The equationIny =x+y definesy implicitly in terms of x. Find an expression for

d
Y in terms of

xandy. ax
Iny=x+y dy(1 y
2=
1Y 4, dX(y yj
y dx dx v (1
1oy Bit)oy
y dx dx Xy
dy _y
dy( 1 —=—
iz 1]=1 _
dx(y J o 1y

3) The equation y*—xy =x de

xandy.
y* =Xy =X
2yﬂ+u'v+
dx
d
2yd—§—y—x
dy
(2%
dy 1l+y
dx 2y-x

Worksheet: Implicit Differentiation 1 - Q1 & 2

d
Y in terms of

fines y implicitly in terms of x. Find an expression for i

u=-Xx u'=-1
uv'=1 v=y v'—g
dx
dy_,
dx
1+y

Scholar p12 Q30-41
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Unit 1 Outcome 1.2

Advanced Higher  Implicit Differentiation 1

1. yis a function of x defined implicitly by each equation below. Find an expression for

in terms of x and y in each case.

a) x°+y*=1 b) x*—y*=4 C) x°+2y*=9

e) x*+e’=1 f) sinx+e’ =0 9) y?=2x+2y

) y-3x=4x ) 2y*-x*=1 K) 3x*+y?=5x

m) In(x+y)=Xx n) sinx+2cosy=1 0) x*=x*-y?

P) 2x2+2y?—4x+4y-9=0

d) xX*~Iny=0
h) sinx+siny =0

I) 3y=2x*+cosy

2. y is afunction of x defined implicitly by each equation below. Find an expression for

in terms of x and y in each case.

a) xy=4 b) x*+xy=1 c) xP+l=xy

e) xX*+xy+y’=0 f) x*+4xy+y° =8 g) x*—xy+3y°=10

i) xe’=1 ) x’y=9 K) Xy=X-y
m) y°+2xy=x>+1 n) xX’+xy=1-y 0) xlny=x*+y?
Q) Xy +l=y N X-xy+y’ =1

3. yisdefinedimplicitlyin termsof x by the equation x* + y* = 25.

a) Find an expressionforﬂ intermsof xand vy.

dx
b) Find the equation of the tangent at the point (3,—4)on the curve.

4. yisdefinedimplicitlyin termsof x by the equation x* —y* =9,
a) Find an expressionfor% intermsof xand y.
b) Find the equation of the tangent at the point (5,4 ) on the curve.
5. yisdefinedimplicitlyin termsof x by the equation 3x* +5y* =17.
a) Find an expressionforﬂ intermsof xand vy.

b) Find the equation of the tangent at the point (— 2,1)0n the curve.

6. Yisdefinedimplicitlyin termsof x by the equation xy = 4.

a) Find an expressionfor% intermsof xand vy.
X

b) Find the equation of the tangent at the point (1,4 ) on the curve.

d) xy=x*+y?
h) xy?=1
) xy+y*>=2

p) XsSiny-+y=C0SX

Strathaven Academy Mathematics Department

Mrs Leck




Advanced Higher

Implicit Differentiation 1

Unit 1 Outcome 1.2

1 ANSWERS
dy  x dy dy X dy
a 7 —_ b _7 C - = d — =2X
) dx vy ) dx ) dx 2y )dx y
d 2 d COSX d 1 dy COSX
e Yo X P Y22 g L=— h) ===
dx e dx e dx y-1 dx  cosy
|) ﬂ_8X+3 J) ﬂ: X k) QZS_GX I) ﬂ: 6x>
B dx 2 dx 2 i
dx 2y y y dx 3+siny
_ 2
m) ﬂzx+y_1 I’]) y:ﬂ 0) QZM p) ﬂzl—x
dx dx 2siny dx y dx 1+y
2.
g W__Y by dy __(2x+y) o dy_3¢-y g dy_2x-y
dx X dx X dx X dx x-2y
e) dy _ (2x+y) f) dy _ (x+2y) 9) dy _y—2x h) dy vy
dx  (x+2y) dx  (2x+y) dx 6y-x dx  2x
dy 1 . dy 2y dy 1-y dy y
y__2 y__2y K Y_>—Y y Yoo
) o DT ) o 1ex ) ax (x+2y)
m) dy _ 2(X—y2 n) dy _ (3x* +y) o) IV _ y(2x—Iny) 0 dy _ (sinx+siny)
dx  2x+3y dx (x+1) dx  x-2y° dx  (xcosy+1)
) dy _ _ Y 5 dy y-3¢
dx  (2xy-1) 1-2xy dx 2y-—x
dy X Ay dy x
3a) L=-= D) 4y=3x-25 4a) ZL==2 b) 4y=5x-9
dx vy dx vy
dy 3X
50) L=—=" Db) 5y=6x+17 dy y -
dx 5y 6.a) poi b) y=-4x+38
Mrs Leck
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Advanced Higher Differentiation - Notes Unit 1 Outcome 1.2

Implicit Differentiation — Equation of the Tangent

In order to find the equation of a tangent at a point
« differentiate the equation
« substitute the point into the differentiated equation to find the gradient

« substitute the gradient and point into the equation y—b=m(x—a)

1) Acurve is defined by the implicit equation
Find the equation of the tangent at the point ( 3, 4) on the curve.

X* +y>+2x—4y =15 x=3 y=4

2x+2y Y2 4Y g dy _—3-1
dx dx dx 4-2

dy dy

——(2y-4)=-2x-2 —=-2

dx( y=4) dx

dy -2x-2

dx 2y-4

dy -x-1

dx y-2

2) Acurve is defined by the implicit equation 2x? —3xy—y* =1
Find the equation of the tangent at the point ( 2, 1) on the curve.

x=2 y=1 y-b=m(x-a)
dy
V=Y vi=— d_y:ﬁ _1=§ X—2
o dx —6-2 y-1=5(x-2)
2x* =3xy -y’ =1 dy 5 8y —8=>5x-10

dx 8 8y=5x-2
4x+u'v+uv'—2y%:0 Y ooR e
X

dy dy
4x-3y—-3x—-2y—=0
y dx ydx

ﬂ(—Sx—Zy):By—4x

dx
dy 3y-4x
dx —3x— 2y
~ Worksheet: Implicit Differentiation 1 — Q3 -6
Implicit Differentiation 2 Scholar p15 Q44 -50
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Advanced Higher Implicit Differentiation 2

Unit 1 Outcome 1.2

1.

y is defined implicitlyin termsof x by the equation x*y = 9.

a) Find an expressionfor% intermsof xand vy.

b) Find the equation of the tangent at the point (3,1) on the curve.

y is definedimplicitlyin termsof x by the equation x* + 4xy — y* =16.
a) Find an expressionfor% intermsof xand y.

b) Find the equation of the tangent at the point (2,2) on the curve.

y is definedimplicitlyin termsof x by the equation x* —4x+ y* -6y =12.

a) Find an expressionfor% intermsof xand y.
X

b) Find the equation of the tangent at the point (5,7)on the curve.

y is defined implicitlyin termsof x by the equation x°y + xy* = 2.

a) Find an expressionfor% intermsof xand vy.
X

b) Find the equation of the tangent at the point (1,1) on the curve.

y is defined implicitlyin termsof x by the equation y® + 2xy = x*> + 7.

a) Find an expressionfor% intermsof xand vy.
X

b) Find the equation of the tangent at the point (1,—4)on the curve.

y is defined implicitlyin termsof x by the equation xy + y* = 2.

a) Find an expressionfor% intermsof xand vy.
X

b) Find the equation of the tangent at the point (1,1)on the curve.

y is definedimplicitlyin termsof x by the equation y* + 3xy = 3x* + 2.

a) Find an expressionfor% intermsof xand y.
X

b) Find the equation of the tangent at the point (2,1)on the curve.

y is defined implicitlyin termsof x by the equation x* —2y® = 3xy.

a) Find an expressionforﬂ intermsof xand vy.

dx
b) Find the equation of the tangent at the point (2,1)0n the curve.
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Advanced Higher Implicit Differentiation 2

Unit 1 Outcome 1.2

ANSWERS
1a) Y __ 2y b) 3y=-2x+9
dx X
2.a)ﬂz_(x+2y)=2y+x b) y=-3x+8
dx (2x-y) y-2x
3.a) dy_2-x b) 4y =-3x+43
dx y-3
4.3) ﬂz_y(zx—-'_y) b) y=—X+2
dx  x(x+2y)
50) 4y _3x° -2y b) 6y = ~11x~13
dx  2(x+y)
dy y _
6.2) — —— b) 3y=-x+4
) dx  (x+2y) )
7.2) QZZX—)Z/ by y=x-1
dx x+y
dy x*-y
8a —_— = b = —_
) dx x+2y° ) 4y=3x-2

Strathaven Academy Mathematics Department

Mrs Leck




Advanced Higher

Differentiation - Notes

Unit 1 Outcome 1.2

Implicit Differentiation — Second Derivative

Worked Example - The function y = f(x) is defined implicitly by the equation x*+2xy =1.

2
Find expressions for dy and 97 in terms of x and y.

There are two possible methods to find the second derivative

dx dx2
Solution
X2 +2xy =1 u=2x u'=2
2Xx+u'v+uv'=0 v=y V':%
X

2x+2xﬂ+2y:0

- X (+2,and rearrange)
X+ x—y+ y=0

dx
Method 1.:

d
Differentiate X+ X &y
dx

to x.

dy

X+X—+y=0
dx y

dy

dx

1+u'v+uv+—==0

1+ X

dx?  dx dx

2
1ex3Y WY g [
dx

dx?

2 J— J—
1+xd LA ki A

dx?
d’y

X2

X

X+ X2

2

d7y _
dx?
d2y= X+2y

dx? x?

XZ

X+2Yy

2
a7y dy dy_

2X—2y =

+y=0 with respect

0

replace% with

X

X

0 (multby x)

0

)

Method 2:
Differentiate 9Y — ~X =Y with respect to x using
dx X
the quotient rule. . dy
d’y u'v-uv U=-x-y u_—l—&
dx> V2 V=X v'=1
oy 9
dx® x°
dy
g7y XX g PXFY
dx? x?
d
d’y _ _XdiJr y (replaceﬂ with ﬂj
d X2 dx X
d’y _X( Xx yj”
dx® X
d’y x+y+y
x> X2
d’y  x+2y
x> x?

Strathaven Academy Mathematics Department
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Advanced Higher

Differentiation - Notes

Unit 1 Outcome 1.2

Implicit Differentiation — Second Derivative

Example

The function y = f (x) is defined implicitly by the equation y*—x*=4.

2
Find expressions for dy and dy in terms of x and y.

dx

2 methods to work out 2" derivative

Method 1
dy
——-x=0
y dx

u'v+uv'-1=0

2
HEREER
dx J\ dx dx

dy _x
Xy
2
ot
y Ly dx
d’y x?
i A A
ydx2 y?
dX2 yZ y2
yd_2y: yz _ 2
dx? y?
dx? y

dx?

2

y

XZ
,_dy
u= u'=—
y dx

2
v:ﬂ v':d—zl
dx dx

Worksheet: Implicit Differentiation 3

Method 2
d_yzﬁ u=x u'=1
dx vy . dy

dx

dx? &
dy
dz)’:y *dx
dXZ y2
dy _x
dx vy
X
y—X| —
d’y _ (yj
dX2 y2
y2 X2
ay_y y
dXZ y2
yz_xz
dy__y
dx2 y2
XZ y3

Scholar p18 Q51 - 54

Strathaven Academy Mathematics Department

Page 31

Mrs Leck




Advanced Higher

Implicit Differentiation 3

Unit 1 Outcome 1.2

1.

2.

5.

6.

y is defined implicitlyin termsof x by the equation x* + y* = 4.
X b) dzy:_(x2+y2)

Show that: a) ay__x > 3
dx y dx y

y is defined implicitlyin termsof x by the equation x* + xy = 3.

2
Show that: a) dy__(2x+y) b) d_zl - Z(XJZF )
dx X dx X

y is defined implicitlyin termsof x by the equation x* — y? = 4.
2 2 2

Show that: a) WY =X p) Y _ Y =X

dx vy dx y

y is definedimplicitlyin termsof x by the equation y* — x* = 2x.

dy _1+x oy 8Y _ Y = (ex)
dx vy dx? y®

Show that: a)

y is definedimplicitlyin termsof x by the equation xy =e*.

X 2 X
Show that:  a) dy_e -y b) d Z:(X_z)ez +2y
dx X dx X

y is defined implicitlyin termsof x by the equation xy + y* =1.

2
Showthat: a) o Y b ?ZZY(X+Y3)
dx  (x+2y) dx®  (x+2y)

Mrs Leck
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Advanced Higher

Differentiation - Notes

Unit 1 Outcome 1.2

Logarithmic Differentiation

If a function involves the product or quotient of powers or roots
- take the natural log (In) of the function before differentiating.

SIMPLIFY THE FUNCTION BEFORE DIFFERENTIATING.

Examples — use logarithmic differentiation on the following to find s

1) y=10" Iny =In(10")
Iny=xIn10
ld—y:Inlo
y dx
dy
—=yIn10
dx y
y =10*
d—yzloxlnlo
dx

, y_xz(x+1)4

) NAX+1

2 4
x* (x+1)
Iny=In| ————
Vax+1

Iny=Inx*+In(x+1)" —In(4x+1)%

Iny=2In x+4|n(x+1)—%ln(4x+1)

In(ab) =Ina+Inb

In(ﬁj =lna-Inb
b

In(a”)znlna

dy

2) y=2* Iny=In(2%)
Iny=3xIn2
lOI—y=3ln2
y dx
dy
—=3yIn2
dx y
y=23x
ﬂ_23x3ln2
dx

Iny=In xe”
Jsin x
Iny=Inx+Ine" —In(sin x)%

Iny=In x+x2—%ln(sin X)

1dy 2, 4 4 1oy 1, cosx
ydx x x+1 2(4x+1) ydx X 2sin x
d_y:y(ngi_ 2 j g—y=y(l+2x—%cotxj
dx X X+1 4x+1 X ZX
xe*
x2(x+1)4 y=X
B Vax+1 VsinXx
d)’_>(2(x+1)4(2+ 4 2 ) %= X(_% (%+2x—%cotxj
dx  Jax+1 \x x+1 4x+1 vSIn X
Worksheet: Logarithmic Differentiation 1 & 2 Scholar p19 Q55 - 62
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Logarithmic Differentiation 1 Unit 1 Outcome 1.2

dy in each case.

Advanced Higher

1. Use logarithmic differentiation to find an expression for 5
X

a) y=3" b) y = 42" c) y=10% d) y=x*(x+1*
x* 2x+1
e) y= f) y=x2J/2x+1 =x*(2x-1)’ h)y y=
) (X+2)6 )y 9 y ( ) )y 213
2
N y:\/4x2+1 i y:(2x+3) 0 y=r® ) y- x+1
X VX+1 v2x+1
my= X3 0 x*(x+1) 0) - X~y 2x+1
VX+4 y= (x+2) x+1
2. Given y= 2 : useIogarithmicdifferentiationtoshowthatﬂ: 2 (InZ— 2 j
2x+1 dx 2x+1 2x+1

Given y=(2x+1)'(2x+3)°, use logarithmic differentiation to show that

ﬂ:4(zx+1)4(zx+3)6[ 2,3 j
dx 2x+1 2x+3

Given y:5—, useIogarithmicdifferentiationtoshowthat% > (I S—EJ
X X X

5. Given Y=,/X—+1, use logarithmic differentiation to show that —= dy 1 1( 1 1 j
x-1 dx 2Vx-1\x+1 x-1

2(y2
6. Given yzw, use logarithmic differentiation to show that — dy _2x (X +1) 1, X X
X“+2 dx X +2 (x X +1 x*+2
7. Given y:X“X+3, use logarithmic differentiation to show that — dy _ xJx+3 1+ t 1 :
dx  x+2 (X 2(x+3) x+2
: xe*’ dy xe* (1 1
8. Given y= , use logarithmic differentiation to show that — —42X——|
X+1 dx  x+1(x x+1
9. Given y:—&(l_)i), useIogarithmicdifferentiationtoshowthatﬂ Vx(1- X)( ! L 2 j
(3x+1)§ dx (3x+1) 2x 1-x 3x+1
H sinx dy sinx SInX
10. Given y=x""", use logarithmic differentiation to show that — r =x"" ——+Inxcosx |
X X
Mrs Leck

Strathaven Academy Mathematics Department



Advanced Higher  Logarithmic Differentiation 1 Unit 1 Outcome 1.2

ANSWERS
;) In3.3* b) 2 c) 3In10.10* d)ZXZ(“l)A(LLJ
n3. 2In4.4 nio. X x+1
4 2 1
) _2X (2__3 f) x2\/2x+1(—+ j 9) 6x6(2x—1)3(1+ L j
(x+2){x x+2 X 2x+1 X 2x-1
N 2x+l( 2 1 j i)2/—4x+1 11 ) x+3f( 4 1
V2x+3\2x+1 2x+3 ¥ l4x+1 x Jx+1 \2x+3  2(x+1)
x+1 (1 1 x> (3 1
L S N
) 4inzz ) V2x+1(x+1 2x+1 )\/x+4 X 2(x+4)
x‘(x+1°(4 3 6 xv2x+1(1 1 1
n) | —+——- 0) —+ -
(x+2)° (x x+1 x+2 x+1 (x 2x+1 x+1
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Advanced Higher  Logarithmic Differentiation 2

Unit 1 Outcome 1.2

2
1. Given y= (2X+l)3, use logarithmic differentiation to show that
(2x+5)
Q_2(2x+1)2( 2 3 j
dx (2x+5) \2x+1 2x+5)

2. Given y=xe*cosx, uselogarithmic differentiation to show that

% =xe™* cosx(1 —1—tan x}
dx X

3. Given y=(sinx)‘, use logarithmic differentiation to show that

% = (sinx)*(xcotx +In(sinx)).

4. Given y=(x2+1)x, use logarithmic differentiation to show that
2

dy _ (x2 +1)X( 22X 1+In(x2 +1)J.
X2 +

dx

X =

. e*sinx e _
5. Given y= , use logarithmic differentiation to show that
X

Q_exsinx[

1+cotx— 1)
dx X

X

6. Given y:xxz, use logarithmic differentiation to show that

_ X1+ 2Inx)
dx

\sinx
X

7. Given y=

dy mp 1]

, use logarithmic differentiation to show that

dx X

—cotx——|
2 X

Strathaven Academy Mathematics Department

Mrs Leck




Advanced Higher Differentiation - Notes Unit 1 Outcome 1.2
PARAMETRIC EQUATIONS

Sometimes a curve can cross itself or double back. Y,

This curve cannot be described by expressing y directly
in terms of x.

A parametric equation is where the x and y coordinates are both written in terms of another letter.
This is called a parameter and is usually given the letter t or 6.

(6 is normally used when the parameter is an angle, and is measured from the positive x-axis.)

If (x, y) is the coordinate of the point at time t, both x and y are functions of t.

x = f(t) y =g(t) t is called the parameter.
eg. X =t y=2t
whent=3 x=9 y==6 When t = 3, the coordinate is (9, 6).
i i d
To find the gradient of dy %t dy dy_dt
the curve: Foi v i df x ix
K
x=t? y =2t d
y
dx . dy _, ﬂzﬁ dy_2_1
dt dat de dxi o dx o 2t t

Steps for Parametric Equations

1) Take the two equations for x= and y = and find the derivative of each in terms of t.

2) To find the gradient use % divided by the inverse of %
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Advanced Higher Differentiation - Notes Unit 1 Outcome 1.2

Parametric Equations - Examples

1. Acurve is defined by the parametric equations x =t? +12 y=t? _12 (t #0).
t t
Find an expression for % in terms of t. Give your answer in its simplest form.
X
Solution
d
X=t2+t2 y=t2—t? dy _ %t
dx  dx
%:2'[_% d_y:2t+£3 At
dt t dt t "
t+—
dy _ t3 3
2t——
t
dy 2t*+2
— = + by 2
dx 2t* -2 (+ by 2)
dy t'+1
dx  t*-1
2. Acurve is defined by the parametric equations x=6-siné y=1-cosd (0<0<27).
Find an expression for % in terms of 6.
X
Solution
dy
X=60-sind y=1-cosd ﬂ:dAﬁ
dx OXx
%:1—c059 ﬂ:sine _de
do do dy  sing
dx 1-cosé
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Advanced Higher Differentiation - Notes Unit 1 Outcome 1.2

Parametric Equations - Examples

3. Acurve is defined by the parametric equations x = bt y= 1+t
1+t 1-t

Find an expression for dy in terms of t. Give your answer in its simplest form.

(t=+1).

dx
Solution
X= t u= u'=1 _1i u=1+t u'=1
1+t v=1+t v'=1 1_:[ . v=1l-t v'=1
dx _u'v-uv' dy u'v-uv
dt V2 dt v?
dx 1+t-t dy 1-t+1+t
dt (1+t) dt (1-1)’
dx 1 dy__2
dt (1+t)2 dt (l—t)z
dy _ay
dx dt dx
dy 2 ><(1+t)2
dx (1_t)2 1
dy 2(L+t)
dx  (1-t)°
dy _ z(ﬂ)z
dx 1-t
Worksheet: Parametric Differentiation 1 Scholar p24 Q71-76
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Advanced Higher  Parametric Differentiation 1 Unit 1 Outcome 1.2

1. In each case, a curve is defined by the given parametric equations. Find an expression for dy
in terms of the parameter t and simplify your answer where possible. dx
a) x="5t%, y=10t b) x=t?>+1, y=4t> <¢) x=6t? y=t° d) x=t>+t, y=t°

e)x=t+t?, y=t?+t f) x=(t+17, y=t*-1 g) x=4t"+3, y=2t° h) x=t’, y=t(t2—1)

i)x=t—cost, y=1+sint  j)x=2sint, y=2cost k) x=at’*, y=2at
Nx=3t*+4t-5 y=t>+t* m) x=+t, y=t>-3 n) x=t?, y:%
t 2t 2 1 2 .
0) x=¢e', y=e p) x=2t, y=? Q)X=E, y=+t’+1  rx=4cost, y=2sint
1 1 i - _ a2
s)x=t+f, y:t—E t) x=e cost, y=e sint u) x=cost, y=sin“t
x=-—2, y=2t w) x=1=2, =22 0 =t y=
t+1’ t-1 t+1’ t—2 t+1’ t+1
) X=—1 y_L ) X= ! y= t
TS 1-t 1+t* 1-t?

2. Acurve is defined by the parametric equations X =sin&+cosé, Yy =sing-cosé.

dy 1l+tanéd

Show that ,
dx 1-tanéd

3. Acurve is defined by the parametric equations X =4sin®, y=co0s20.

Show that ﬂ =—siné.
dx

4. A curve is defined by the parametric equations x =cos* 8, y=sin®é.

Show that ﬂ = —Esin 0.
dx 2
5. Acurve is defined by the parametric equations X=secH, y=tané.

Show that ﬂ =cosecdH.
dx
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Advanced Higher

Parametric Differentiation 1

Unit 1 Outcome 1.2

1.a)

— | =

2t+1

ANSWERS

b) 6t
2t+1
t(3t+2)

2
2t

K =

q) -

cost +sint
cost —sint

2
w) _§(ﬂj
2(t-2

2 3
7) (1+t2j
1-t

Y

c)l
4
t
fy —
)t+1

cost
1+sint

t
N =
) 2
0) 2¢'
r —icott
2

u) —2cost

X) t(t+2)
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Advanced Higher Differentiation - Notes Unit 1 Outcome 1.2
MOTION
If the position of a particle is given as parametric equations X = f(t) y=g(t)
velocity can be split into
Horizontal Velocity dx Vertical Velocity dy
dt dt
3 dy
< dt
dx
dt
2 2
dx d
Speed Rl I 4
dt dt

Scholar p25 Q77,78
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Advanced Higher Differentiation - Notes Unit 1 Outcome 1.2

Equations of Tangents

Equations of Tangents can also be deduced using Parametric Equations.

+Calculate the derivative in order to find the gradient.
*Using the defined parameter, substitute into the parametric equations to find the coordinate (X, y)

Substitute into the equation of a line.

1) Acurve is defined by the parametric equation X=t>+1 y =t(t2 +1) for all t.

Find the equation of the tangent to the curve at the point with parameter t = 2.

x=t?+1 y=t>+t t=2 y—-b=m(x-a)

dx d

a2 d_)t/:3t2+1 dy 12+1 13 y_10:§(x_5)
- T4 4y—40=13x—-65

oy Yy wa A &;s’x—%

dx_d%t_ 2t Xx=4+1=5 -
y=8+2=10

2) Acurve is defined by the parametric equation x=t*+t-1, y=2t>-t+2 forallt.

Show that the point A(-1, 5) lies on the curve and find the equation of the tangent to the curve
at the point A.

X=t+t+1 y=2t°—t+2 x=-1 y=>5 t=-1
2+t-1= 2t° —t+2=5
®_atrr Yogg tat-1=0
dt t?+t=0 2t —t-3=0 dy_-4-1_-5_
t(t+1)=0 (2t-3)(t+1)=0 o -2+1 -1
t=0 t=-1 3
d —_ t== t=-1
dy %t_m—l 2

dx d%t S 2t+1
Whent=-1 (-15)
y—-b=m(x-a)
y—5=5(x+1)
y—-5=5Xx+5
y =5x+10

Worksheet: Parametric Differentiation 2 Scholar p27 Q79 - 83
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Advanced Higher  Parametric Differentiation 2 Unit 1 Outcome 1.2

1. Acurve is defined by the parametric equations X =t*, y=2t.

Find the equation of the tangent to the curve at the point with parameter t = 3.
2. Acurve is defined by the parametric equations x=t>+1, y=2t°

Find the equation of the tangent to the curve at the point with parameter t = 1.
3. Acurve is defined by the parametric equations x =t>+2t—1, y=t*—4t+1.

Find the equation of the tangent to the curve at the point with parameter t = 0.
4. Acurve is defined by the parametric equations x=t>-3, y=2t°

Find the equation of the tangent to the curve at the point with parameter t = 1.

5. Acurve is defined by the parametric equations x=t*, vy :t(t2 +1)

Find the equation of the tangent to the curve at the point with parameter t = 1.

6. Acurve is defined by the parametric equations x =2t +t—5, y=t>+3t+1.

Find the equation of the tangent to the curve at the point with parameter t = 1.

7. Acurve is defined by the parametric equations x =t(t+1), y=t>(t—1)

Find the equation of the tangent to the curve at the point with parameter t = 1.

8. In each case, a curve is defined by the given parametric equations. Find the coordinates of the
stationary point(s) on each curve. (You do not need to determine the nature of the stationary points.)

a) x=t’+t-1, y=t"—4t+1 b) x=t>+1, y=2t(t-2)

c) x=t>-5t, y=t>—6t+2 d) x=t?+t, y=t*-12t
2 2 1 1

e) x=t'+=, y=t'-= =t-=, y=t+=

) i) t ox=tm y=tr

g) x=[2+1f, y=tt-2) h x=t*+1, y=t{t—3)
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Advanced Higher  Parametric Differentiation 2

Unit 1 Outcome 1.2

1. 3y=x+9
2. y=3x-4
3. y=—2x-1

4. Y=3x+8

6. Y=X+7

7. 3y=Xx-2

8.a) (5-3)

c) (12,-7)

e) (-13)

o) (4-1)

ANSWERS

b) (2-2)
d) (6,-16)and (2.16)
f)  (0,2)and (0,-2)

h) (2,4)and (10,0)
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Advanced Higher Differentiation - Notes Unit 1 Outcome 1.2

SECOND DERIVATIVES

Consider X=t? y=2t To find the second derivative
&x_o W, dy 1
dt dt dX t
d’y d (1} t d 1 1
d I dilt ) dx  dx/ 2t
ﬂ_ﬁ_z_} d>2< dt\ t ) dx X At
dx dx/ 2t t d_y:_tz(i]
At dx? 2t
TN LS
dx? t>\ 2t 2t3
2
dy d{dy) dt
2 — n
dx dt\ dx )/ dx
_ N . . 2t 1+t
Example: A curve is defined by the parametric equations x = " =1 (t==£1).
2 273 B B
Show that @ th and d—Z= 1_—t2 :
dx 1+t dx 1+t
Worksheet: Parametric Differentiation 3 Scholar p28 Q84 - 88
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Advanced Higher  Parametric Differentiation 3 Unit 1 Outcome 1.2

1. Ineach case, a curvezis defined by the given parametric equations. Find an expression for the
second derivative d°Y in terms of the parameter t.

dx?
a) x=t? y=2t b) x=t?, y=Int
2 3 3 2
c) x:?, y=2t"+1 d) x=2t°-1 y=3t
2 4
e) X=t, y=1 f) x=t>+t, y=t>-—t

2. Acurve is defined by the parametric equations x =t+sint, y=t—cost.

d?y 1+sint+cost
) =

Show that
dx (1+cost)’

3. Acurve is defined by the parametric equations x =t>+1, y :t(t2 +1)

Show that =Y
dx? 4t°

d’y 3t’-1

Mrs Leck
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Advanced Higher

Parametric Differentiation 3

Unit 1 Outcome 1.2

la) - —
2t°

c) 6t°

ANSWERS
1

) J——
2t*

1

d) - _—

) 6t°

. 4
) (2t+1)°
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